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Abstract 

This article is devoted to the investigation of the Belopolskaya's 
and Dalecky's problem. It consists of construction of a stochastic pro- 
cess on an infinite dimensional Lie group G which does not satisfy 
locally the Campbell-Hausdorff formula and construction of a dense 
subgroup G' in G such that a transition measure is quasi-invariant 
and differentiable relative to the left or right action of G' on G. Ge- 
ometric loop groups and diffeomorphism groups of Sobolev classes of 
smoothness are investigated for finite dimensional and also infinite 
dimensional real manifolds. Such groups also are defined and stud- 
ied for complex manifolds finite and infinite dimensional. Stochastic 
processes are considered on free loop spaces, geometric loop and dif- 
feomorphism groups of real and complex manifolds. They are used 
for investigations of Wiener differentiable quasi-invariant measures on 
such groups relative to dense subgroups. Such measures are used for 
the investigation of associated unitary representations of these groups. 

1 Introduction. 

Earlier Gaussian quasi-invariant measures on loop groups of Riemann and 
complex manifolds were investigated [34, 35, 37]. With the help of them irre- 



1 



ducible strongly continuous unitary representations were constructed. Gaus- 
sian measures were studied on free loop spaces also. Traditionally geometric 
loop groups are considered as families of mappings f : ^ N from the 
unit circle into a Riemann manifold preserving marked points sq G and 
yo & N under the corresponding equivalence relation caused by an action of 
a diffcomorphism group Dif f°°{S^) of the circle on the free loop space [19]. 
But in [34, 35, 37] were defined and investigated generaUzed loop groups as 
families of mappings from one manifold / : M — > into another preserving 
marked points Sq G M and yo & N under the corresponding equivalence 
relation in the free (pinned) loop space and with the help of Grothendieck 
construction of an Abclian group from a commutative monoid with the unit 
and the cancellation property with rather mild conditions on M and N for 
finite and infinite dimensional real and complex manifolds. 

If consider the composition of two nontrivial pinned in the marked point 
So loops of class C", where n > 1, then the resulting loop is continuous, but 
generally not of class as it can be lightly seen on examples of the unit circle 

and the unit sphere S^. If for the case / is a C"-loop with n > 1, then 
/ and /' are continuous functions by the polar coordinate 9 e [0, 1] such that 
/(O) = /(I) and \ime^o,e>o f'{0) =\ime^l,e< If '{6) =: /'(O). There are 
another C"-loops g such that g'{0) ^ /'(O), but g{0) = /(O). Then a loop 
h{e) := f{2e) for each 6 G [0, 1/2) and h{e) := g{2e - 1) for each 6 G [1/2, 1] 
is a continuous loop, but not a C^-loop. This is generally only continuous and 
piecewise of class C" and such submanifolds, restrictions on which are of class 
C", can be described as submanifolds with corners. Another reason is that 
gn v S*" is a continuous retraction of S*", but there is not any diffcomorphism 
between them. Also from x S*" there is a continuous mapping on S*""*"^, 
but it is not a diffcomorphism (see §2.1.4). Naturally, for a definition of 
the smooth composition in loop monoids and loop groups manifolds with 
corners (with the corresponding atlases) are used. This permits to define 
topological loop monoids and topological loop groups. Another two reasons 
of the consideration of manifolds with corners are given below. 

The commutative monoid is not the free (pinned) loop space, since it is 
obtained from the latter by factorization. For the construction of loop groups 
here are used manifolds M with some mild additional conditions. When M 
is finite dimensional over C we suppose that it is compact. This condition is 
not very restrictive, since each locally compact space has Alexandroff (one- 
point) compactification (see Theorem 3.5.11 in [16]). When M is infinite 
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dimensional over C it is assumed, that M is embedded as a closed bounded 
subset into the corresponding Banach space Xm over C. This is necessary 
that to define a group structure on a quotient space of a free loop space. 

The free loop space is considered as consisting of continuous functions / : 
M N which are (piecewise) holomorphic in the complex case or (piecewise) 
continuously differcntiablc in the real case on M \ M' and preserving marked 
points /(so) = I/O, where M' is a closed real submanifold depending on / 
with a codimension codim^M' 1, sq G M and yo & N are marked points. 
There are two reasons to consider such class of mappings. The first is the 
need to define correctly compositions of elements in the loop group (see 
beneath). The second is the isopcrimetric inequality for holomorphic loops, 
which can cause the condition of a loop to be constant on a sufficiently small 
neighbourhood of Sq in M, if this loop is in some small neighbourhood of wo, 
where Wo{M) := {uq} is a constant loop (see Remark 3.2 in [22]). 

In this article loop groups of different classes are considered. Classes 
analogous to Gevrey classes and also with the usage of Sobolev classes of 
f : M\ M' —>■ N are considered for the construction of dense loop subgroups 
and quasi-invariant measures. Henceforth, we consider not only orientable 
manifolds M and N, but also nonorientable manifolds (apart from [35] , where 
only orientable manifolds were considered), since for a non-orientable man- 
ifold there always exists its orientable double covering manifold (see §6.5 in 
[1]). Loop commutative monoids with the cancellation property are quotients 
of families of mappings / from M into a manifold N with /(sq) = yo by the 
corresponding equivalence relation. For the definition of the equivalence re- 
lation here are not used groups of holomorphic diffeomorphisms because of 
strong restrictions on their structure caused by holomorphicity (see Theo- 
rems 1 and 2 in [9]). Groups are constructed from monoids with the help of 
A. Grothendieck procedure. These groups are commutative and non-locally 
compact. They does not have non-trivial local one-parameter subgroups {g^ : 
b G (—a, a)} with a > for an element g corresponding to a class of a mapping 
f : M ^ N, /(so) = Vo, when / is such that supy^^[card{f'^{y))] = k <^o, 
since g^^^ does not exist in the loop group for each prime integer p such 
that p > k (see §2). Therefore, in each neighbourhood W of the unit ele- 
ment e there are elements which does not belong to any local one-parameter 
subgroup. 

These groups are Abelian, non-locally compact and for them the Campbell- 
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Hausdorff formula is not valid (in an open local subgroup). Finite dimen- 
sional Lie groups satisfy locally the Campbell-Hausdorff formula. This is 
guarantied, if impose on a locally compact topological Hausdorff group G two 
conditions: it is a C°°-manifold and the following mapping (/, g) ^ f o 
from G X G into G is of class C°°. But for infinite dimensional G the 
Campbell-Hausdorff formula does not follow from these conditions. Fre- 
quently topological Hausdorff groups satisfying these two conditions also are 
called Lie groups, though they can not have all properties of finite dimen- 
sional Lie groups, so that the Lie algebras for them do not play the same role 
as in the finite dimensional case and therefore Lie algebras are not so helpful. 
If G is a Lie group and its tangent space T^G is a Banach space, then it is 
called a Banach-Lie group, sometimes it is undermined, that they satisfy the 
Campbell-Hausdorff formula locally for a Banach-Lie algebra T^G. In some 
papers the Lie group terminology undermines, that it is finite dimensional. 
It is worthwhile to call Lie groups satisfying the Campbell-Hausdorff formula 
locally (in an open local subgroup) by Lie groups in the narrow sense; in the 
contrary case to call them by Lie groups in the broad sense. 

Stochastic processes on Lie groups G were considered in [3, 7, 11]. The 
book [3] is devoted also to Lie algebras and to Lie groups satisfying the 
Campbell-Hausdorff formula, the theory of which differs drastically from the 
groups considered in this paper. General theorems about quasi- invar iance 
and differentiabilty of transition measures on the Lie group G relative to a 
dense subgroup G' were given in [7, 11], but they permit to find G' only 
abstractly and when a local subgroup of G satisfies the Campbell-Hausdorff 
formula. For Lie groups which do not satisfy the Campbell-Hausdorff for- 
mula locally this question remained open, as was pointed out by Belopolskaya 
and Dalecky in Chapter 6. They have proposed in such cases to investigate 
concrete Lie groups that to find pairs G and G'. As it is well-known in 
mathematics problems of an existence of an object and a description of it are 
frequently called perpendicular. In each concrete case of G it its necessary 
to construct a stochastic process and G'. On the other hand, the groups con- 
sidered in the present article do not satisfy the Campbell-Hausdorff formula. 

Below path spaces, loop spaces, pinned loop groupoids, loop monoids, 
loop groups and diffeomorphism groups are considered not only for finite 
dimensional, but also for infinite dimensional manifolds. The path spaces 
also are called path groups, but they have the group structure neither in the 
usual algebraic sence nor in the usual topological group sence. Path spaces 
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are more or less known (see for example, [4, 41]). In this article they are 
mentioned mainly from the manifold point of view and in the generalized 
sense for the considered here classes of smoothness and manifold structures 
compatible with the manifold structures of loop groups. 

In particular, loop and diffeomorphism groups are important for the de- 
velopment of the representation theory of non-locally compact groups. Their 
representation theory has many differences with the traditional represen- 
tation theory of locally compact groups and finite dimensional Lie groups, 
because non-locally compact groups have not C*-algebras associated with 
the Haar measures and they have not underlying Lie algebras and relations 
between representations of groups and underlying algebras (see also [36]). 

In view of the A. Weil theorem if a topological Hausdorff group G has a 
quasi- invariant measure relative to the entire G, then G is locally compact. 
Since loop groups (L^N)^ are not locally compact, they can not have quasi- 
invariant measures relative to the entire group, but only relative to proper 
subgroups G' which can be chosen dense in (L^^N)^, where an index ^ indi- 
cates on a class of smoothness. The same is true for diffeomorphism groups 
(besides holomorphic diffeomorphism groups of compact complex manifolds) . 
Diffeomorphism groups of compact complex manifolds are finite dimensional 
Lie groups (see [28] and references therein). It is necessary to note that 
there are quite another groups with the same name loop groups, but they 
are infinite dimensional Banach-Lie groups of mappings f : M ^ H into a 
finite dimensional Lie group H with the pointwise group multiplication of 
mappings with values in H. The loop groups considered here are generalized 
geometric loop groups. 

The traditional geometric loop groups and free loop spaces are important 
both in mathematics and in modern physical theories. Moreover, generalized 
geometric loop groups also can be used in the same fields of sciences and 
open new opportunities. In cohomology theory and physical applications 
stochastic processes and Wiener measures on the free loop spaces are used 
[2, 15, 21, 24, 25, 31, 33, 41]. In these papers were considered only particular 
cases of real free loop spaces and groups for finite dimensional manifolds, no 
any applications to the representation theory were given. 

On the other hand, representation theory of non-locally compact groups 
is little developed apart from the case of locally compact groups. For locally 
compact groups theory of induced representations is well developed due to 
works of Frobenius, Mackey, etc. (see [6, 17] and references therein). But for 
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non-locally compact groups it is very little known. In particular geometric 
loop and diffeomoprphism groups have important applications in modern 
physical theories (see [23, 42] and references therein). 

One of the main tools in the investigation of unitary represenations of 
nonlocally compact groups are quasi-invariant measures. In previous works 
of the author [38, 39] Gaussian quasi-invariant measures were constructed on 
diffeomorpliism groups with some conditions on real manifolds. For example, 
compact manifolds without boundary were not considered, as well as infinite 
dimensional manifolds with boundary. In this article new Gevrey-Sobolev 
classes of smoothness for diffeomorphism groups of infinite dimensional real 
and complex manifolds are defined and investigated. This permits to define 
on them the Hilbert manifold structure. This in its turn simplifies the con- 
struction of stochastic processes and transition quasi-invariant measures on 
them. Wiener transition quasi-invariant measures are constructed below for 
wider classes of manifolds. Pairs of topological groups G and their dense 
subgroups G' are described precisely. 

This work is devoted to the investigation of Wiener measures and stochas- 
tic processes on the generalized loop spaces, loop monoids, geometric loop 
groups and diffeomorphism groups. For the loop groups are considered both 
measures arising from the stochastic equations on them and aslo induced from 
the free loop space. Their quasi-invariance and differentiability relative to 
dense subgroups is investigated. Transition measures arising from stochastic 
processes on manifolds also are called Wiener measures. Then measures are 
used for the study of associated unitary regular and induced representations 
of dense subgroups G' . 

Section 2 is devoted to the definitions of topological and manifold struc- 
tures of loop groups and diffeomorphism groups and their dense subgroups. 
In section 3 Wiener processes and transition quasi-invariant differentiable 
measures are studied (see Theorem 3.3). Unitary representations of dense 
subgroups G' founded in sections 2 and 3 are investigated in section 5. 

Section 4 is devoted to loop monoids as well as to loop groupoids, which 
are defined in §4.2. For the considered here classes of manifolds the general- 
ized path space is defined in §4.4. All objects given in sections 2-4 were not 
considered by others authors, besides very specific particular cases of the dif- 
feomorphism group Dif f°°(S^) and loop groups for M = and path spaces 
for M = [0, 1] outlined above. Differentiable transition Wiener measures on 
them are given in Theorems 4.1, 4.3 and 4.5. Basic facts and notations of 
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stochastic analysis on manifolds are reminded in the Appendix, that may be 
useful, for example, for specialists in group theory or differential geometry 
do not working with stochastic analysis. 

2 Loop and diffeomorphism groups of real 
and complex finite and infinite dimensional 
manifolds. 

To avoid misunderstandings we first give our definitions of manifolds con- 
sidered here and then of loop and diffeomorphism groups. In §2.1.1 uniform 
atlases are defined. They are necessary on Lie groups for the construction 
of stochastic processes on them. In §§2.1.2-2.1.5 loop groups and in §§2.2- 
2.4 diffeomorphism groups are defined. In §§2.1.6-2.1.8, 2.5-2.9 necessary 
statements about their structures as Lie groups and manifolds are given. 

For loop groups and diffeomorphism groups manifolds are supposed to 
be satisfying the corresponding specific conditions. They are related mainly 
with foliations in infinite dimensional manifolds. In the case of loop groups 
they are also related with a structure of manifolds with corners (see the 
reasons in the introduction). They are defined with the help of quadrants. 

2.1.1. Remcirk. An atlas At{M) — {{Uj, (f)j) : j} of a manifold M on a 
Banach space X over R is called uniform, if its charts satisfy the following 
conditions: 

{Ul) for each x & G there exist neighbourhoods G C. Uj such that for 
each y there is the inclusion <zUy] 

(C/2) the image (f)j{U^) C X contains a ball of the fixed positive radius 

0,(?72) D B{X, 0, r):={y:ye X, \\y\\ < r}; 

(f/3) for each pair of intersecting charts {Ui, 0i) and {U2, ^2) connecting map- 
pings = 02o0r^ are such that sup^ \\F^2,ci>^{x)\\ < C and sup^ \\F!j,^,ci,^{x)\\ < 
C, where C = const > does not depend on 0i and 02- For the diffeomor- 
phism group L>i//|^(M) and loop groups (L^N)^ we also suppose that 
manifolds satisfy conditions of [34, 35, 38, 39] such that these groups are 
separable, but here let M and may be with a boundary, where 
(A^l) N is of class not less, than (strongly) C°° and such that sup^^Sj i ^"^^ II — 
Cn for each < n e Z, when V^y 7^ 0, C„ > are constants, At{N) := 
{{Vj, ipj) : j} denotes an atlas of A^, Vj^i -.— VjnVi are intersections of charts. 
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S,y.= MV,,i),{}^V, = N. 

Conditions {Ul — U3,N1) are supposed to be satisfied for tlie manifold 
N for loop groups, as well as for the manifold M for diffeomorphism groups. 
Certainly, the classes of smoothness of manifolds are supposed to be not less 
than that of groups. 

2.1.2.1. Definition. A canonical closed subset Q of X = R" or of the 
standard separable Hilbert space X = /2(R) over R is called a quadrant if it 
can be given by Q {x & X : qj{x) > 0}, where {qj : j e Aq) are linearly 
independent elements of the topologically adjoint space X*. Here Aq C N 
(with card{KQ) = k < n when X = R") and k is called the index of Q. If 
X & Q and exactly j of the g^'s satisfy qi{x) = then x is called a corner 
of index j. Since the unitary space X = C" or the separable Hilbert space 
/2(C) over C as considered over the field R is isomorphic with X^ :— R^" 
or l2(R) respectively, then the above definition also describes quadrants in 
C" and /2(C) in such sense. In the latter case we also consider generalized 
quadrants as canonical closed subsets which can be given by Q := G Xr, : 
qj{x + Gj) > 0, Gj G Xr, j G Aq}, where Aq C N {card{AQ) = /c G N when 
dirrijiXn < 00). 

2.1.2.2. Notation. If for each open subset U C Q C X a, function 

f : Q Y for Banach spaces X and Y over R has continuous Frechet 
differentials D'^ f\u on U with sup^-g^/ \\D'^f{x) ||L(x«,y) < cxd for each < a < 
r for an integer < r or r = 00, then / belongs to the class of smoothness 
C^((5, Y), where < r < 00, L{X^, Y) denotes the Banach space of bounded 
/c-linear operators from X into Y . 

2.1.2.3. Definition. A differentiable mapping /:[/—>[/' is called a 
diffeomorphism if 

(i) / is bijective and there exist continuous /' and (/~^)', where U and 
U' are interiors of quadrants Q and Q' va. X. 

In the complex case we consider bounded generalized quadrants Q and 
Q' in C" or /2(C) such that they are domains with piecewise C°°-boundaries 
and we impose additional conditions on the diffeomorphism /: 

(u) (9/ = on U, 

{in) f and all its strong (Frechet) differentials (as multilinear opera- 
tors) are bounded on [/, where df and df are differential (1, 0) and (0, 1) 

forms respectively, d = d + d is an exterior derivative. In particular for 
z = {z^, ...,^") G C", z^ G C, z^ = x"^^-^ + ix^J' and x'^^'^.x'^^ G R for each 
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j = l,...,n, i = (—1)^/^, there are expressions: df := Y^^=i{df / dz'-')dz\ 
Of := jyj=i{df/dz^)dz^. In the infinite dimensional case there are equa- 
tions: {df){ej) — df/dz^ and {df){ej) — df/dz^, where {cj : j e N} is the 
standard orthonormal base in /2(C), df/dz^ — {df/dx^^~^ — idf /dx^^)/2^ 
df/dz^ = {df/dx^^-^+idf/dx^^)/2. 

Cauchy-Riemann Condition (ii) means that / on t/ is the holomorphic 
mapping. 

2.1.2 A. Definition and notation. A complex manifold M with corners 
is defined in the usual way: it is a metric separable space modelled onX = C" 
or X = /2(C) and is supposed to be of class C°°. Charts on M are denoted 
{Ui,Ui,Qi), that is Ui : Ui ^ ui{Ui) C Qi arc C°°-diffeomorphisms, Ui are 
open in M, ui o Uj'^ are biholomorphic from domains Uj{Ui fl Uj) 7^ onto 
ui{Ui n Uj) (that is Uj o uj^ and ui o uj^ are holomorphic and bijective) and 
ui o uj^ satisfy conditions (i — Hi) from §2.1.2.3, Uj Uj = M. 

A point X G M is called a corner of index j if there exists a chart {U, u, Q) 
of M with X & U and u{x) is of index indM{x) = j in u{U) C Q. The set of 
all corners of index j > 1 is called the border dM of M, x is called an inner 
point of M if indulx) = 0, so dM = [jj^^d^M, where d^M := {x e M : 
indM{x) = j). 

For the real manifold with corners on the connecting mappings Ui o uj^ G 
C°° of real charts is imposed only Condition 2.1.2.3(z). 

2.1.2.5. Definition of a submanifold with corners. A subset Y G M 
is called a submanifold with corners of M if for each y E Y there exists a 
chart {U,u,Q) of M centered at y (that is u{y) = ) and there exists a 
quadrant Q' C or in /2(C) such that Q' C Q and u{Y nU) = u{U) H Q'. 
A submanifold with corners F of M is called neat, if the index in Y of each 
y eY coincides with its index in M. 

Analogously for real manifolds with corners for R"* and R" or /2(R) in- 
stead of C*^ and C" or h{C). 

2.1.2.6. Term a complex manifold. Henceforth, the term a complex 
manifold N modelled on X = C" or X = /2(C) means a metric separable 
space supplied with an atlas {{Uj, (pj) : j e Ajv} such that: 

(i) Uj is an open subset of N for each j & An and UjeAjv Uj = N, where 
Aiv C N; 

(ii) (j)j : Uj 4>j{Uj) C X are C°°-diffeomorphisms, where (t>j{Uj) are 
C°°-domains in X; 

(m) 0jO0~^ is a biholomorphic mapping from (t>jniUm^Uj) onto 4>j{Um^ 
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Uj) while Um n Uj ^ 0. When X = /2(C) it is supposed, that 4>j o are 
Frechet (strongly) C°°-differentiable. 

2.1.3.1. Remark. Let X be either the standard separable Hilbert 
space I2 = h{C) over the field C of complex numbers or X — C". Let 
t G No := N U {0}, N := {1, 2, 3, ...} and be a domain with a continuous 
piecewisc C°°-boundary dW in R^™, m G N, that is is a C°°-manifold 
with corners and it is a canonical closed subset of C", d{Int{W)) = W, 
where cl{V) denotes the closure of V, Int{V) denotes the interior of V in the 
corresponding topological space. As usually H^(W,X) denotes the Sobolev 
space of functions f : W ^ X for which there exists a finite norm 

\\f\\HHw,x) ■■= iJ:H<t\\D^frmw,x)y^' < 
where /(x) = {P{x) : j G N), /(a;) G P{x) G C, a; G VF, 

\\f\\^L'^iw,x) '■= Iw \\fi^)fxHd^)^ ^ is the Lebesgue measure on R^™, 
\\4i2 ■= {ET=i k^f )^^^ z = {z^ : J G N) G I2, G C. Then H°°{W,X) := 
HteN H^{W,X) is the uniform space with the uniformity given by the family 
of norms {||/||//t(iy,x) : t e N}. 

2.1.3.2. Sobolev spaces for manifolds. Let now M be a compact 
Riemann or complex C°°-manifold with corners with a finite atlas At{M) : = 
{{Ui,4>i,Qi)]i G Am}, where Ui are open in M, (pi : Ui ^ 4>i{Ui) d Qi C 
R™ (or it is a subset in C™) are diffeomorphisms (in addition holomorphic 
respectively as in §2.1.2.3), (f/j,(/)j) are charts, i G Ajv/ C N. 

Let also be a separable complex metrizable manifold with corners mod- 
elled either on X = C" or on X = /2(C) respectively. Let (V^, V'j, 5*1) be 
charts of an atlas At{N) := {(V^j, ^j, ^j) : i G A;v} such that Ajv C N 
and : Vi ^ i^iiVi) d Si <Z X are diffeomorphisms, Vi are open in 
UisA^'^i = N. We denote by H\M,N) the Sobolev space of func- 
tions / : M ^ A^ for which /jj G H\Wij,X) for each j E Am and 
i G Ajv for a domain Wij 7^ of fij, where fij := ipi o f o 4>j~^ , and 
Wij = (f)j{Uj n f~^{Vi)) are canonical closed subsets of R™ (or C™ respec- 
tively). The uniformity in H^{M, N) is given by the following base {(/, g) G 
{H\M,N)f : EisA^jeAM ll/iJ - < ^hcrc e > 0, W,,, are 

domains of (/ij - ^ij). For t = 00 as usually H°^{M, N) := ClteN H\M, N). 

2.1.3.3. A uniform space of piecewise holomorphic mappings. 
For two complex manifolds M and A^ with corners let Ox{M,N) denotes 
a space of continuous mappings f : M ^ N such that for each / there 
exists a partition Zf of M with the help of a real C°°-submanifold M'f, 
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which may be with corners, such that its codimension over R in M is 
codimuM' f = 1 and M \ M' f is a disjoint union of open complex sub- 
manifolds Mjj possibly with corners with j — 1,2,... such that each re- 
striction f\Mjf is holomorphic with all its derivatives bounded on Mjj. For 
a given partition Z (instead of Zf) and the corresponding M' the latter 
subspace of continuous pieccwisc holomorphic mappings f : M ^ N is de- 
noted by 0{M, N; Z). The family {Z} of all such partitions is denoted T. 
That is Ot(M, N) = str - indrO{M, N; Z). Let also 0(M, N) denotes the 
space of holomorphic mappings f : M ^ N, Dif f°°[M) denotes a group of 
C^-diffeomorphisms of M and Diff^{M) := Hom{M) n Ot(M, M), where 
Hom{M) is a group of homeomorphisms. 

Let A and B be two complex manifolds with corners such that i? is a 
submanifold of A. Then B is called a strong C"'([0, 1] x ^4, 74)-retract (or 
C"'([0, 1], Ot{A, A))-retract) of A if there exists a mapping F : [0,l]x A ^ A 
such that -F(0, z) = z for each z ^ A and F{1, A) = B and F{x, A) D B for 
each X & [0,1] := {y : < y < l,y E R}, F{x, z) = z for each z E B and x G 
[0,1], where F e C"'([0, 1] x A, A) or F e C" ([0, 1], Ot(A ^)) respectively, 
r e [0, oo), F = F{x, z), X E [0, 1], 2; e A. Such F is called the retraction. In 
the case of B = {ao}, ao E A we say that A is C"'([0, 1] x ^4, 74)-contractible 
(or C"'([0, 1], Ot(^, A))-contractible correspondingly). Two maps f : A ^ E 
andh: A^ E are called C'{[0, l]xA, F)-homotopic (or C"'([0, 1], Ot(A, E))- 
homotopic ) if there exists F e C' ([0, 1] x A, E) (or F e C'{[0, 1], Ot(A, E)) 
respectively) such that F(0, 2;) = f{z) and F(l, 2;) = h{z) for each 2; e A, 
where E is also a complex manifold. Such F is called the homotopy. 

Let M be a complex manifold with corners satisfying the following con- 
ditions: 

(i) it is compact; 

{a) M is a union of two closed complex submanifolds Ai and A2 with 
corners, which are canonical closed subsets in M with Air\A2 — dAir\dA2 —: 
Ay, and a codimension over R of A^ in M is codim^A^ — 1; 

{in) a marked point Sq is in ^3; 

{iv) Ai and are (^"([0, 1], Or{Aj, /lj))-contractible into a marked point 
So £ A3 by mappings Fj(a;, 2;), where either j — 1 or j — 2. There can be 
considered more general condition of C°([0, 1], OT(^j, ^j))-contractibility of 
Aj on Xq n Aj, where Xq is a closed subset in M, j = 1 or j — 2, sq G -'^o- 

We consider all finite partitions Z := {M^ : k G S^} of M such that M^. 
are complex submanifolds (of M), which may be with corners and Ufc=i Mk = 
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M, = {1,2, s}, s G N depends on Z, Mk are canonical closed subsets of 
M. We denote by diam{Z) := sup i^{diam{Mk)) the diameter of the partition 
Z, where diam{A) — sup^. ^^^^ 1^^ — ylc" is a diameter of a subset A in C", 
since each finite dimensional manifold M can be embedded into C" with the 
corresponding n G N. We suppose also that MiClMj C M' and dMj C M' for 
each i j, where M' is a closed C°°-submanifold (which may be with corners) 
in M with the codimension codimjx.{M') = 1 of M' in M, M' = Ujerz ^'j^ 
M'j are C°°-submanifolds of M, is a finite subset of N. 

We denote by H^{M, N; Z) a space of continuous functions f : M ^ N 
such that f\(M\M') £ H^{M \ M', N) and /|[/nt(Mi)u{M,nM'j)] G H\Int{Mi) U 
(Mi n M'j),N), when SM^ n M'^ ^ 0, /if, : H\M,N;Z) H\M,N;Z') 
are embeddings for each Z < Z' m T . 

The ordering Z < Z' means that each submanifold Mf from a partition 
Z' either belongs to the family {Mj : j = 1, ^) = {Mf : j = 1, A;) for 
Z or there exists j such that C M^^ and iW^^ is a finite union of 
for which M^^' C M? . Moreover, these are submanifolds (may be with 
corners) in Mf 

Then we consider the following uniform space Hp[M, N) that is the strict 
inductive limit str — ind{H*{M, N; Z); /if; T} (the index p reminds about 
the procedure of partitions), where T is the directed family of all such Z, for 
which limx diam{Z) = 0. 

2.1.4. Notes and definitions of loop monoids and loop groups. 
Let now sq be the marked point in M such that sq G (see §2.1.3.3) and 
I/O be a marked point in the manifold N. 

(i). Suppose that M and N are connected. 

Let H*p{M,so;N,yo) := {/ G H\M,N)\f{so) = yo} denotes the closed 
subspacc of H^{M, N) and t^o be its element such that ujq{M) = {yo}, where 
oo > / > m + 1, 2m = dim-^iM such that if* C C° due to the Sobolev embed- 
ding theorem. The following subspace {f : f e H^{M, sq; N,yo), df = 0} 
is isomorphic with Or{M, sq; N,yo), since /|(m\m') e H'^{M \ M',N) = 
C^{M\M',N) and df = 0. 

Let as usually AV B := A x {bo} U {qq} x B G A x B he the wedge sum 
of pointed spaces (^4, oq) and {B, bo), where A and B are topological spaces 
with marked points Qq & A and bo & B. Then the wedge combination g V f 
of two elements f,gE H^iM, so; N, yo) is defined on the domain M y M. 

The spaces Or{J,As;N,yo) := {/ G Ot(J,A^) : f{As) = {yo}} have 
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the manifold structure and have embeddings into Ot(M, sq; A^, t/o) due to 
Condition 2.1.3.3(m), where either J = Ai or J = A2. This induces the 
following embedding x* '■ Ot(MVM, sq x So;N,yQ) ^ Ot(M, sq; A'", ?/o)- 
Considering iJ*(M, Xq; iV, |/o) = {f E H\M,N) : /(Xq) = {yo}} and 
Ot(J, AsUXo; N, yo) we get the embedding x* ■ Ot(MVM, XqxXo; N, yo) 
Ox(M, Xo] N, yo). Therefore gof := x*{f^9) is the composition in Ot(M, Sq] N, 

The space C°°{M, N) is dense in C^[M,N) and there is the inclusion 
Ot(M,A^) C H^(M,N). Let Mr be the Riemann manifold generated by 
M considered over R. Then Dif f^{Mii) is a group of C°°-diffeomorphisms 
7] of Mr preserving the marked point Sq, that is r]{so) = sq. There exists the 
following equivalence relation Rq in Or{M, So', N,yo): fRoh if and only if 
there exist nets r]n E Dif f^{M-R), also and hn G H^(M, so; N,yo) with 
lim„ fn — f and lim„ hn — h such that /^(a;) = hn{r)n{x)) for each x E M and 
n E CO, where is a directed set, f,hE Or{M, sq] N, yo) and converegence is 
considered in H^{M, So', N, yo). In general case we consider Dif f^^{Mii) : = 
{/ G Dtff°°{Mn) : /(Xq) = Xq} and elements f,h in Ot(M, Xo; X, yo) 
and convergence in H°°{M, Xo; N,yo) we get the equivalence relation Rq in 
OT(M,Xo;X,yo). 

The quotient space Or{M,Xo;N,yo)/Ro -. {S^N)o is called the loop 
monoid. It has a structure of topological Abelian monoid with the can- 
cellation property (see [34, 35]). Applying the A. Grothendieck procedure 
(see below) to {S^N)o we get a loop group {L^N)o. For the spaces 
i?*(M, Sq; X, yo) the corresponding equivalence relations are denoted Rt,H, 
the loop monoids are denoted by iS^N)f^H, the loop groups are denoted by 
{L^N)t^H- When real manifolds are considered we omit the index R. 

For a commutative monoid with the cancellation property {S^^ N)o there 
exists a commutative group (L^X)o equal to the Grothendieck group. This 
group algebraically is the quotient group F/B, where F is a free Abelian 
group generated by {S^N)o and B is a subgroup of F generated by ele- 
ments [f + g] — [f] — [g], f and g G (S'^X)o, [/] denotes an element of F 
corresponding to /. The natural mapping 7 : {S^^N)o — > (L^X)o is in- 
jective. We supply F with a topology inherited from the TychonofT product 
topology of {S^N)q, where each element 2; of F is 2; = J2fnf,z[f]: nj^z E Z 
for each / G {S^N)o, J2f \iT-f,z\ < oo- In particular [nf] — n[f] G B, hence 
{L^ N)q is the complete topological group and 7 is the topological embed- 
ding such that '~i{f + g) = l{f) +l{,g) for each /, (? G {S'^N)o, 7(e) = e, since 
{z + B) G ■y{S^N)o, when n/,^ > for each /, so in general z = — z~ , 
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where {z+ + B) and (z' + B) e ^{S^N)o. 

2.1.5.1. Notes and Definitions. In view of §1.5 [27] a complex man- 
ifold M considered over R admits a (positive definite) Riemann metric g, 
since M is paracompact (see §§1.3 and 1.5 [27]). Due to Theorem IV.2.2 [27] 
there exists the Levi-Civita connection (with vanishing torsion) of Mr. For 
the oricntable manifold M suppose z/ is a measure on M corresponding to the 
Riemann volume element w ( m-form ) v[dx) = w{dx)/w{M). The Riemann 
volume element w is non-degenerate and non-negative, since M is orientable. 
For the nonorientable M consider M its double covering orientable manifold 
and the quotient mapping 6m '■ M M, then the Riemann volume element 
w on M produces the following measure i/(5') := w{6j}{S))/ {2w{M)) for 
each Borel subset S m. M. 

The Christoffel symbols Ff^ of the Levi-Civita derivation (see §1.8.12 
[26]) are of class for M. Then the equivalent uniformity in H^{M,N) 
for < t < oo is given by the following base {{f.g) E {H^{M,N)Y '■ 
||(^, o / - o g)\W,^^^^^ < e, where = d\^\ / d{xY ■■■d{x^"'T'"' , e > 0, 

IKV'i °f-i^j° 9)\\"^ Ht(M,x) '■= ^H<t Im ° fix) - i^j ° 9ix))\'^^idx)}, 

j G Ajv, X is the Hilbert space over C either C" or /2(C), x are local nor- 
mal coordinates in Mr. We consider submanifolds Mj^^ and M'j^k for each 
partition as in §2.1.3.3 (with instead of Z), i e S^^, j e F^^, where 
Ezi^ and Fz^ are finite subsets of N. We supply H"'{M, X; Zk) with the fol- 
lowing metric pk,jiy) := [Lies lblM,,J|"^^ • J^^^ for y E H"'{M,X;Zk) and 
Pkriiv) = +c>o in the contrary case, where S = S^^., 00 > t > 7 G N, 
7 > m + 1, lb|Mi,J|"^_._^ is given analogously to WvT H~<{M,xy but with /^._^ 
instead of 

Let ZT(M, X) be the completion of str-ind{H'^{M, X; Zj); N} =: Q 
relative to the following norm \\y\\'^ := inik Pk,'y{y), as usually Z'^{M, X) = 
n-ye^ Z^{M,X). Let F~(M,X) := {/ : / G Z°°{M,X), df.U,, = 
for each A;}, where / G Z~(M, X) imples / = fj with G i/°°(M, X; Zj) 
for each j G N. 

For a domain W in C™, which is a complex manifold with corners, let 
Y^^'^iW^X) (and Z^'"(1^,X)) be a subspace of those / G Y°°{W,X) (or 
/ G Z°°{W,X) respectively) for which 

CO 

ll/l|T,a := (E(ll/ir.)V[(j!)"r])'/' < 00, 

j=0 
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where iwfr.r ■■= (ii/ir,)' - (ii/iiw)' j ^ ^ m*, = uw,, « = 

(ai, 02), ai and 02 G R, a < a' if either ai < a'l or ai = a'l and 02 < a'2. 

Using the atlases At{M) and At{N) for M and of class of smooth- 
ness y^'^ n C°° with a > 6 we get the uniform space y^'"(M, Xq; A^, yo) 
(and also Z^''\M, Xq; N,yo)) of mappings f : M ^ N with /(Xq) = |/o 
such that ipj o f e r^'"(M,X) (or o f e Z^'''{M,X) respectively) for 
each j, where EpeAMjeA^v ll/p,i " (^o)p,illyr,a(iy^^,,x) < each / e 

y^'"(M, Xq; X, 1/0) is satisfied with 'u;o(M) = {yo}, since M is compact. 
Substituting wq on a fixed mapping 9 : M ^ N we get the uniform space 
Y'^'°''^{M, N). To each equivalence class {g : gRof} =:< / >o there corre- 
sponds an equivalence class < / >r,a-= cl{< f >o nF^''*(M, Xq; X, yo)) (or 
< / >r,a'= c/(< / >co,H nZ'^'"(M, Xo; X, ?/o))), where the closure is taken 
in y^'''(M,Xo;X,|/o) (or Z^'"(M, Xq; X, j/o) respectively). This generates 
equivalence relations Rr,a and R^a respectively. We denote the quotient 
spaces Y^'%M,Xo;N,yo)/Rr,a and Z^'-{M, Xo; N,yo) / R^, by {S''N)r,a 
and {S^N)x,a correspondingly. Using the A. Grothendieck construction we 
get the loop groups {L^ N)r,a and (L^X)x,a respectively. 

2.1.5.2. Gevrey-Sobolev classes of smoothness of loop monoids 
and loop groups. Notes and definitions. Let M be an infinite dimen- 
sional complex -manifold with corners modelled on /2(C) such that 

(i) there is the sequence of the canonically embedded complex submani- 
folds ?7™^^ : Mm ^ Mm+i for each m G N and to so,m in it corresponds 
so,m+i = ^m^^(so,m) in Mn+1, divficMra = n{m) , < n{m) < n{m + 1) for 
each m e N, IJm is dense in M; 

(ii) M and At{M) are foliated, that is, 

{a) Ui o uJ\^(lJ^^^UJ) h are of the form: Ui o u~'^{{z^ : / G N)) = 
(«ij,m(-2\ •••J -2"*-™-')j 7i,j,m(-2' ^ ^ > n{m))) for each m, when M is without a 
boundary. If dM ^ then 

(/3) for each boundary component Mq of M and C/j fl Mq 7^ we have 
0j : [/j n Mo — s> i?i,Q, moreover, dMm C for each m, where i7/,Q := G 
Qj : x^'^^ > 0}, Qj is a quadrant in I2 such that Inti^Hi^q 7^ (the interior 
of Hi^Q in /s), -2' = + ia;^', x-'' G R, ^' G C (see also §2.1.2.4); 

{iii) M is embedded into as a bounded closed subset; 

(if) each Mm satisfies conditions 2.1.3.3(i — iv) with Xo,m := Xq fl Mm, 
where Xq is a closed subset in M. 

Let 1^ be a bounded canonical closed subset in hi^) with a continuous 
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piecewise C°°-boundary and Hm an increasing sequence of finite dimensional 
subspaces over C, Hm C -f/^m+i and dimcHm = n{m) for each m G N. Then 
there are spaces -P~„(W, X) := str-indmY'^^°-{Wm, X), where W„ = WnHm 
and X is a separable Hilbert space over C. 

Let Y^{W,X) be the completion of P^^^{W,X) relative to the following 
norm 

oo 
m=l 

where \\f\w,S'^Y~t^-{Wm,X) '■= WflWmW^yr.a^W^^x) - WflWr^-iW^y-r^-iWr^^uX) ^^"^ 

each m > 1 and ||/kiH"yT.a(,,y.^ x) •= ll/lm c = (ci.cg), Ci and 
C2 e R, c < c' if either ci < c'l or ci = c'l and C2 < c'2; C = ct; c). Let M 
and A?" be the y^'^'-'^'-manifolds with a' < a and c' < c. 

If is the finite dimensional complex y^'" -manifold, then it is also 
the y ''^ -manifold. There exists the strict inductive limit of loop groups 
(•^Mm^j^^^ _. ]^m^ since there are natural embeddings L"* ^ L™"*"^, such 
that each element / e y^'"(M^, Xq^^; iV, |/o) is considered in y^'"(M^+i, Xq^^+i; iV, |/o) 
as independent from (2;"^"*)+^, z^^"*"*"^)"^) in the local normal coordinates 
(z\ ^"("^+1)) of Mrn+i. We denote it str - indmL"" =: (L^N)r,a and also 

str-mrf„g™=:g^,(iV,|/o), 

str-znd„F^'»(M;„;7V) =: g^_„(iV), where := F^''^(M„, Xo,„; iV, 7/0). 
Then with the help of charts of At{M) and At{N) the space r«(W^,X) in- 
duces the uniformity r in Q'^ J^N^Uq) and the completion of it relative to r 
we denote by Y^{M,XQ]N,yo), where ^ = (T,a,c) and EpeAMjeAjv ll/p,i " 
('^o)p,j||ye(vi/ X) ^ ^ each / G y^(M, Xq; X, Uq) is supposed to be satis- 
fied with wq{M) = {yo}, since each Mm is compact. Substituting wq on the 
fixed mapping 6 : M ^ N we get the uniform space Y^'^{M, N). Therefore, 
using classes of equivalent elements from Qrai-^jVo) and their closures in 
y^(M, Xq; N, yo) as in §2.1.5.1 we get the corresponding loop monoids which 
are denoted (S^^N)^. With the help of A. Grothendieck construction we 
get loop groups {L^ N)^. Substituting spaces y^'" over C onto Z^'" over 
R with respective modifications we get spaces Z^'"'^(M, N) over R, loop 
monoids {S^N)^ and groups (L^N)^ for the multi-index ^ = (T, a, c). 

Let exp : TN — X be the exponential mapping, where TN is a neigh- 
bourhood of N in TN [26]. 

The relation between manifolds with corners and usual manifolds is given 
by the following lemma. 
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2.1.6. Lemma. // M is a complex manifold modelled on X = C" or 
X = /2(C) with an atlas At{M) = {{Vj,(f)j) : j}, then there exists an atlas 
At'{M) — {{Uk,Uk,Qk) '■ k} which refines At{M), where {Vj,(f)j) are usual 
charts with dijfeomorphisms (pj : Vj <Pj{Vj) such that (l>j{Vj) are C°°- 
domains in C" and {Uk,Uk,Qk) are charts corresponding to quadrants Qk in 
C" or /2(C) (sec [35] §2.3.1 and [34]). 

Necessary data about structures of loop groups are given in Theorems 
2.1.7 and 2.1.8. 

2.1.7. Theorems. (1). The space (L^N)^ =: G for C = (T, a) or 

^ = (T,a, c) from %2.1.5 is the complete separable Abelian topological group. 
Moreover, G is the dense subgroup in {L^N)o for ^ = (T,a); G is non- 
discrete non-locally compact and locally connected. 

(2). The space X^{M,N) := T^{L^N)^ is Hilbert for each 1 < m = 
dimcM < 00. 

(3.) Let N be a complex Hilbert -manifold with a > a' and c > c' 
for C,' = (T, a') or C,' = (T, a', c') respectively, then there exists a mapping 
E : T{L^N)^ — > (L^^iV)^ defined by En{v) = expn^s) on a neighbourhood 
Vr, of the zero section in Tr,{L^ N)^ and it is a C°° -mapping for -manifold 
N by V onto a neighbourhood Wr^ — We or] ofr]& (L'^N)^; E is the uniform 
isomorphism of uniform, spaces V,^ and Wj^, where s G M , e is the unit 
element in G, v E K,, 1 < m < 00. 

(4). {L^' N)^ is the closed proper subgroup in (L^N)^. 

The proof for the orientable manifolds follows from §2.9 [35] and [34], 
the case of nonorientable manifolds is analogous due to §§2.1.4 and 2.1.5. 
The latter case can be deduced also from Theorems 2.1.8 below and the case 
of orientable manifolds. 

2.1.8. Theorems. Suppose that manifolds M and N together with their 
covering manifolds M and N satisfy the conditions imposed above. 

(1) . Let N be the nonorientable manifold and 9n : N ^ N is the quotient 
mapping of its double covering manifold N . Then there exists a quotient 
group homomorphism Ojy : {L^^ N)^ — > (L^N)^. 

(2) . Let M be the nonorientable manifold, then the quotient mapping 
Om ■■ M ^ M induces the group embedding Om ■ (L^N)^ ^ (L^N)^. 

Proof. If M is the nonorientable manifold, then there exists the homo- 
morphism h of the fundamental group 7ri(M, Sq) onto the two-element group 
Z2. For connected M the group 7ri(M, sq) does not depend on the marked 
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point So and it is denoted by 7ri(M). If M is the connected manifold, then 
it has a universal covering manifold M* which is linearly connected and a 
fiber bundle with the group 7ri(M) and a projection p : M* — > M. Using the 
homomorphism h one gets the orientable double covering M of M such that 
M is connected, if M is connected (see Proposition 5.9 [27] and Theorem 78 
[49]). Moreover, for each x G M there exists a neighborhood U of x such 
that 0^{U) is the disjoint union of two diffeomorphic open subsets Vi and 
V2 in where 9m '■ M ^ M is the quotient mapping, : — > is a 
diffeomorphism. 

(1) . For each / G Z^'^'^^M, N) there exists f = On o f in Z^'^^'^M, N). 
This induces the quotient mapping 6^ '■ Z^'"''^(M, A^) — > Z^'"'^(M, A^), hence 
it induces the quotient mapping On : ^'^•"•'^(M V M, iV) ^ Z'^'"''=(M V M, A^) 
such that ^Ar(/ V /i) = ^iv(/) V^iv(5'). Considering the equivalence relation in 
Y^{M, So; iV, 1/0) and then loop monoids we get the quotient homomorphism 
(S^N)^ (S^N)^. With the help of A. Grothendieck construction it 
induces the loop groups quotient homomorphism. 

(2) . On the other hand, let M be the nonorientable manifold then the 
quotient mapping 9m '■ M ^ M induces the locally finite open covering 
{Ux : X G Mo} of M, where Mq is a subset of M, such that each 9^{Ux) is 
the disjoint union of two open subsets Vx^i and in M and there exists a 
diffeomorphism Qx of \4j on \4,2 of the same class of smoothness as M. This 
produces the closed subspace of all / G Z^'"-''^{M, N) for which 

(^) /lvi,i(^x ^2/)) = f\v.,2{y) for each y G K,2 and for each x G Mq, where 
Mq = Mo^ and {Ux ^ : x e Mq} may depend on /. If sq is a marked point 
in M, then one of the points Sq of 9]^{so) let be the marked point in M. Then 
6m induces the quotient mapping Om ■ My M My M. If both M and M 
satisfy the imposed above conditions on manifolds, then this induces the em- 
bedding : ^^'"'''(M, A^) ^ Z^'"''=(M, A^). The identity mapping ici(a;) = x 
for each x E M evidently satisfy Condition (i) . If / is the diffeomorphism of 
M satisfying Condition (i), then applying to both sides of the equality 
we see, that it is satisfied for /^^ with the same covering {Ux '■ Mq}. If 
/ and h are two diffeomorphisms of M, then there exists {t/^ : x G Mq } 
such that {f~^{9^iU^)) : x e M^'} is the locally finite covering of M. Two 
manifolds M and M are metrizabel, consequently, paracompact (see Theo- 
rem 5.1.3 [16]). Due to paracompactness of M and M there exists a locally 
finite covering {U^°^ : x G Mq°-^} for which Condition (i) is satisfied, since 
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{Ui HOmo f'^{Oll{U^)) : X e Mi, z e M^} has a locally finite refinement. 
This means, that 9m '■ Dif f°°{M^) ^ Diff^^M-^) is tlie group embedding. 
In a complete uniform space {X, U) for its subset Z a uniform space (Z, U^) 
is complete if and only if Z is closed in X relative to the topology induced 
by U (see Theorem 8.3.6 [16]). Since both groups are complete and the uni- 
formity of Dif f^{Mii) induces the uniformity in Dif f°°{Al-£i) equivalent 
to its own, then 9M{Dif f°°{M-^)) is closed in Dif f°°{M-^). Considering 
the equivalence relation in Z^'"''^(M, N) we get the loop monoids embedding 
Om ■■ (S^N)^ ^ (S^N)^ (see §§2.1.4 and 2.1.5). This produces with the 
help of A. Grothendieck construiction the loop groups embedding (respecting 
their topological group structures) 9m : {L^ N)^ ^ {L^ N)^. 

2.2.1. Note. For the diffeomorphism group we also consider a com- 
pact complex manifold M. For noncompact complex M, satisfying condi- 
tions of §2.1.1 and (A'"l) the diffeomorphism group is considered as consist- 
ing of diffeomorphisms / of class Y'^'"'''^ (see §2.1.5), that is, (/jj — idij) G 
Y'^'"-''^{Uij, (f)i{Ui)) for each Uij is a domain of definition of {fij — idij) 
and then analogously to the real case the diffeomorphism group Diff^(M) is 
defined, where ^ = (T, a,c), a = (oi, 02), c = (ci, C2), ai < —1 and ci < —1. 
This means that Diff^{M) := Y^'''^{M, M) n Hom{M). 

For investigations of stochastic processes on diffeomorphism groups at 
first there are given below necessary definitions and statements on special 
kinds of diffeomorphism groups having Hilbert manifold structures. 

2.2.2. Reiiicirks and definitions. Let M and N be real manifolds 
on R" or I2 and satisfying Conditions 2.2.(i-vi) [38] or they may be also 
canonical closed submanifolds of that of in [38]. For a field K = R or C 
let Z2,5(K) be a Hilbert space of vectors x = {x^ : x^ G K,j G N) such that 
ll^lki iSi=i l^^'^Pj^'^}"'^^^ < 00. For 6 = we omit it as the index. Let 
also U be an open subset in R'" and V be an open subset in R" or I2 over 
R, where e U and e V with m and n G N. By H^^'^g{U,V) is denoted 
the following completion relative to the metric q^psif^d) ^^c family of 
all strongly infinite diffcrcntiablc functions f.g : U V with qgg{f,9) < 
00, where 9 G C°^{U,V), < I E Z, (3 e R, 00 > 6 > 0, qQif,g) : = 
(Eo<|a|</ Wm'^' < X >^+l"l D^ifix) - g{xmi,y/\ := L^U, F) (for F : = 
R" or F = ^2,(5 — ^2,<5(R)) is the standard Hilbert space of all classes of 
equivalent measurable functions /i : [/ — > F for which there exists ||/i||l2 := 
{Jjj \h{x)\pijLjn{dx))y^'^ < 00, fjLjn deuotes the Lebesgue measure on R™. 
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Let also M and have finite atlases such that M be on Xm '■= R™ 
and N on ■= R" or X^ := h, : M ^ N he a C°°-mapping, for 
example, embedding. Then Hj^^^{M, N) denotes the completion of the family 
of all C°°-functions g,f:M^N with K,p^g{f, 9) < oo, where the metric 
is given by the following formula K^/^s^f.g) = (Eij[9^,5(/iJ> 5'^J)]^)^^^ where 
fi,j ■■= V'^o/o0-l with domains (l).j{Uj)r](t),{f~\Vi)), At{M) := {(U.,,(pi) : i} 
and At{N) := {{Vj,ipj) : j} are atlases of M and N, Ui are open subsets 
in M and Vj are open subsets in M, (pi : Ui —>■ Xm and ipj : Vj —>■ X^ 
are homeomorphisms of Ui on (f)i{Ui) and Vj on ipj{Vj), respectively Hilbert 
spaces H^ifg{U,F) and H\ q{TM) arc called weighted Sobolev spaces, where 
Hj^siTM) ■= {f : M TM : f e Hj^^^iM, TM), vr o f{x) = x for each x e 
M} with 6{x) = {x, 0) G TxM for each x G M. From the latter definition 
it follows, that for such / and g there exists limR^oo ,5(/|[/^, 5f|[/^) = 0, 
when ([/, (f)) is a chart Hilbertian at infinity, U^ is an exterior of a ball of 
radius R in U with center in the fixed point Xq relative to the distance 
function dM in M induced by the Riemann metric g (see §2.2(v) [38]). For 
/9 = or 7 = we omit /? or 7 respectively in the notation Difp^^{M) 
Hf^^{M, M) n Hom{M) and i/^'^^^. 

The uniform space Difp^^{M) has the group structure relative to the com- 
position of diffeomorphisms and is called the diffeomorphism group, where 
Hom{M) is the group of homeomorphisms of M. 

Each topologically adjoint space {Hp{TM))' =: HZ^iTM) also is the 
Hilbert space with the standard norm in i7' such that \\C\\h' = ^'^P\\f\\H=i IC(/)I- 

2.3. DifFeomorphism groups of Gevrey-Sobolev cleisses of smooth- 
ness. Notes and definitions. Let U and V be open subsets in the Eu- 
clidean space R'^ with A; G N or in the standard separable Hilbert space I2 
over H, 6 : U — > be a C°°-function (infinitely strongly differentiable), 00 > 
(5 > be a parameter. There exists the following metric space H^'^y^g{U,V) 

as the completion of a space of all functions Q '■= {f '■ f & E^'^{U,V), 
there exists n G N such that supp{f ) C U H R", (i{;}_{-j,}^5(/, ^) < 00} rela- 
tive to the given below metric (i{i},{7},5 : 

00 

and 
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\ira[i^ood{i},{'y},sif\v^,g\uf^) = 0, when f/ is a chart Euchdean or Hilber- 
tian correspondingly at infinity, / as an argument in ply^n,s is taken with the 
restriction on C/nR", that is, /|;7nRn : C/nR" ^ fiU)'c V (see also §§2.1- 
2.5 [38] and [39] about 4;^^), := a;^«5(/|([/nRn), id|(c/nRn))'- 

i^j{n-l),s(f\{unn—^),id\{unn—^)y) for each n > 1 and 

Pj,i,s(f^^^^ •= '^iif^\Af\(unR^),id\(^unR^)) with (7^,5 and the corresponding 
terms k,''^ ^ from §2.2.2, / = /(n) > n + 5, 7 = 7(n) and /(n + 1) > /(n) for 
each n, /(n) > [t] + sign{t} + [n/2] + 3, 7(n) > /5 + si^n{t} + [n/2] + 7/2, 
<^n+i > ^<^n > 1- Moreover, pf^, ,5(7, i(i)(a;"+^, x""*"^, ...) > is the metric by 
variables x^, in Hl^^U fl R", for / as a function by {x^, x") such 
that depends on parameters {x^ : j > n). The index 9 is omitted when 
^ = 0. The series in (i) terminates n < k, when A: G N. 

Let for M connecting mappings of charts be such that (0j o — idij) G 
if|yi ^{Uij, I2) for each f/j fl f/j ^ and the Riemann metric g be of class of 
smoothness -f^jy} ^, where subsets f/jj- are open in R or in I2 correspondingly 
domains of 4>j o l'{n) > l{n) + 2, 7'(n) > 7(n) for each n, cxo > % > 5, 
submanifolds {Mj. : k — k{n),n G N} are the same as in Lemma 3.2 [38]. 
Let N be some manifold satisfying analogous conditions as M. Then there 
exists the following uniform space Hf^^^^^^^{M, N) := {/ G E^'^^g{M, N)\{fij- 

6i,j) G H'^^^^siUijih) for each charts {C/i,0i} and with Ui fl Uj 7^ 

0, X{/},{7},5,,?(/, 6") < 00 and limi?^oo X{0,{7}Ar)(/|M^, 6'|m^) = 0} and there 
exists the corresponding diffeomorphism group -DijJ^^, ^^(M) {f : f & 
Hom{M), and / G -/^^^^^^/^(M, M)} with its topology given by the 
following left-invariant metric X{i},{i},s,riif^9) ■= X{i},{-y},s,vi9~^f^id), 

gi,j{x) G I2 and G I2, (t)i{Ui) C ^2, C/jj = ...) C ^2 are 

domains of /jj by variables a;^, for chosen (a;-' : j > n) due to existing 

foliations in M, Uij C R" I2, when (a;-' : j > n) are fixed and t/jj is a 
domain in R" by variables {x^, ...,a;"), where 00 > r] > 0. 

In particular, for the finite dimensional manifold M„ the group Di^^-^ ^^(M„) 
is isomorphic to the diffeomorphism group Dif^^^^Mn) of the weighted Sobolev 
class of smoothness Hj^ g with I — l{n), 7 = 7(7^), where n — dim-RlMn) < 00. 



21 



2.4. Remarks. Let two sequences be given {/} := {l{n) : n G N} C Z 
and {7} := {^{n) : n G N} C R, where M and {Mk : k = k{n),n G N} 
are the same as in §§2.2 and 2.3. Then there exists the following space 
^{7}lr;(^'^^)- By i^"J^^|'J,^(M|TiV) it is denoted its subspace of functions 
f : M ^TN with 7rjv(/(a;)) = 9{x) for each x E M, where ttat : TA^ ^ 

is the natural projection, that is, each such / is a vector field along 6, 
6 : M ^ N is a. fixed C°°-mapping. For M = N and 9 = id the metric space 
Hf^Y,^^{M\TM) is denoted by hI!^{,^^{TM). Spaces i7{5,?^(Mfc|T7V) and 

-^{7},5,»7(™) are Banach spaces with the norms ||/||{/},{7},5,77 := X{i},M,5,ri{fJo) 
denoted by the same symbol, where fo{x) — {x,0) and pr2fo{x) = for 
each X G M. This definition can be spread on the case / = l{n) < 0, 
if take supii^ii^il < x >|^l-^(™) (D^^ijAdj - ,)l instead of 

II < X >;^(-)+l"l D^iQ, - ^,,){x)h^u.„M, where r G Hz\{M,\TN), 

< X >m= (1 + j:T=ii^'yy^^ ^i,,,m = ...) denotes the do- 
main of the function by x^, ...,x"^ for chosen {x^ : j > m), ||C||fc(2;) are 
functions by variables {x^ : i > k). Further the traditional notation is used: 
sign{e) = 1 for e > 0, sign{e) = -1 for e < 0, sign{0) = 0, {t} = t - [t] > 0. 

2.5. Lemma. Let the manifold M and the spaces E^p^g{TM) and H^^^^^{TM) 
he the same as in §§^.^-^.^ with l{k) > [t] + [k/2] + 3 + sign{t}, 'y{kj > 

P + [k/2] + 7/2 + sign{t}. Then there exist constants C > and C„ > 1 
for each n such that HCIU* ^(tm) < C'I|C||{0,{7},5,0 for each ( G H^!^^ gf^{TM), 
moreover, there can be chosenujn > Cn, Cn+i > k{n+l){k{n+l) — l)...{k{n) + 
l)Cn for each n such that the following inequality he valid: ^^WqI'^ 

< C„||e||^K.)(^^^) for each k = k{n), l'{k) = l{k) - [k/2\ - I, 'i{k) = 

7(A;) - [k/2] - 1 for each ^ G H'^ll{TMk). 

Proof. In view of theorems from [53] and the inequality Jp^m < x >^™~^ 
dx < 00 (for < X >m taken in R™ with x G R™) there exists the embedding 

F:^5"^)(TM„) ^ C^^'^^^iTMn) for each n, since 2([n/2] + 1) > n + 1. Moreover, 
due to results of §111.6 [43] there exists a constant C„ > for each k = k{n), 

n G N such that UW^^'ik) ^^m^) - '^"H^H/f^^*,) (tm^) ^^^^ ^ ^ H^-y^i^ Mk) . 
Then x", ...) - D''f{y\ y", 1.) = 

00 

n=0 
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for each / G H^^^^{TM) in local coordinates, where f{y^,...,y^ ^,x'^,...) = 
f{x\x^,...,x'\...), iin = 0; a = {a\ ...,a"'),m e N, a' G No := {0,1,2,...}. 
Hence for < y'^ the following inequhty is satisfied: 
\D-f{y\ y^-\ X-, x-+\ ...) - D-f{y\ y", < 

^</>3([7,nMfc)32:=(j/l,...,j/"-l,2"),j;"<2"<2/" 

^ / / SIiPa;gM(||/|L((fc("+8)).;i^ ^ 

< ^ >;^(')d^"(i^"+i(n + < C'l|/||{,},{,|,5,o X (n + 

when |q;| = «■'■ + ... + q;"^ < l{k), k = k{n) > n, m < n, where — const > 
and C — const > are constants not depending on n and k; x, y and 
(l/^, .., y", x""'"'^, x""*"^, ...) e (pjiUj) for each n G N. This is possible due 
to local convexity of the subset 4>j{Uj) C Therefore, H^'^jy ^^{TM) C 
E^^siTM) and ||/|U*^(tm) < ^^||/||{0,{tUo for each / G ff«_,_o(TM), more- 
over, C = C"ErT=i«"^ < oo, since sup^g^/ E^i < E^i sup^^^ ^^(a:) 
for each function g : M ^ [Q,oo) and liniij^oo ||/|m= lU* ^(tm) < Cxlinii^^oo || 

/|m^||{/},{7},5,0 = 0. 

The space ,5(TM)nif|^j. ^q(TM) contains the corresponding cyhndrical 
functions in particular with supp{() C Uj fl M„ for some j G N and 
k — k{n), n G N. The linear span of the family K over the field R of 
such functions C, is dense in E*p^g(TM) and in ^^(T'M) due to the Stone- 

Weierstrass theorem, consequently, H^!jygQ(TM) is dense in Ep^g(TM), since 
df/dx"'^^ = for cylindrical functions / independent from x"'~^^ for j > 0. 

2.6.1. Note. For the diffeomorphism group Dif fj^ ^{M) of a Banach 
manifold M let M be a dense Hilbert submanifold in M as in [38, 39]. 

2.6.2. Lemma. Let Di^^y^g^^{M) and M be the same as in ^2.3 with 
values of parameters Cn from Lemma 2.5 for given l{k), ^{k) and k — k{n) 
withun = l{k{n))\Cn, then I^i^^y Sr]i-^) ^■^ separable metrizable topological 
group dense in Dif fpg{M). 

In the case of the complex manifold M the group Diff^(M) (see §§^.i.5 
and 2.2.1) is the separable metrizable topological group. 

Proof. Consider at first the real case. From the results of the pa- 
per [44] it follows that the uniform space Di^^}^^ g ^{Mk) is the topological 
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group for each finite dimensional sub manifold M^, since l{k) > k + 5 and 
dim-RMk = k. The minimal algebraic group Go := gr{Q) generated by 
the family g :={/:/ e V) for all possible pairs of charts Ui and 

Uj with U = (f)i{Ui) and V = (f)j{Uj), supp{f) C C/ n R", / e Hom{M), 
dimnM > n e N} is dense in Dif^y^^^^{M) and in Diffp^iM) due to 
the Stone- Weierstrass theorem, since the union Ufc Mj. is dense in M, where 
supp{f ) := cl{x G M : f{x) 7^ x}, c/(i?) denotes the closure of a subset B in 
M. Therefore, ^^(M) and Diffj^ ^(Af) arc separable. It remains to ver- 

ify that Di^^y g ^(M) is the topological group. For it we shall use Lemma 2.5. 
For a > and A; > 1 using integration by parts formula we get the following 
equality /^(a^ + x^)-^''+^y^dx = {{k - l)/{ka^)) ^0(0^ + x^/^dx, which 

takes into account the weight multiphers. Let f,g e Di^^yg^{V) for an open 
subset V = (pj{Uj) C h and X{i},{-f},s,vif^id) < 1/2 and X{i},{i},s,vi9,id) < 
then p\.^ s{g-^ of, id) < C/,„,^,5(p^'„,5(/> ^c?)+P7!n,5(fi'> where < Ci,nrf,5 < 
1 is a constant dependent on l,n,'y and independent from / and g. For 
the Bell polynomials there is the following inequality 1) < n!e" for 

each n and y„(F/2, ...,F/{n + 1)) < (2n)!e" for Fp := = (n + p),, := 
{n + p)...{n + 2){n + 1) (see Chapter 5 in [50] and Theorem 2.5 in [5]). 
The Bell polynomials are given by the following formula Yn{fgi, : = 
T,n{n){^^-fk/ {ki\...knl)){gi/ll)''^ ■■■{gn/'nl)''"' , where the sum is by all partitions 
7r(n) of the number n, this partition is denoted by l'^i2'^2 j^fe™ g^^h that 
ki + 2k2 + ■■■ + nkn — n and ki is a number of terms equal to i , the total num- 
ber of terms in the partition is equal to k = k{n) = ki+....+kn, '■= fk in the 
Blissar calculus notation. For each n G N, / = l{n) and 7 = 7(n) the follow- 
ing inequality is satisfied: pi^^^Af ° 9, id) < Yi{fgi, fg^), p!y"|'J,5(/"\ id) < 
{3/2)Yi{Fp,/2, ...,FpJ{m + 1)), where /™ := = f^^^^sif^id) and F^ := 
Ffe = (n + k)k, (n),- := n{n - l)...{n -j + 1), Pk = -A+i(3/2)*^+i. rj.^^^ 
E^=i(2/(A:H))!e'«"))6^'(*^("))(/(A;(n))!)[(4/(A;(n)))!]-i < 00 for each < 6 < 
00. Hence due the Cauchy-Schwarz-Bunyakovskii inequality and the condi- 
tion C^^ > Cn for each n we get: fog and f^^ G Di^^^ s^i^) ^'^^ each / and 

g G -Di|!^\,^^(M), moreover, the operations of composition an inversion are 
continuous. 

The base of neighborhoods of id in Di^^-yg^{M) is countable, hence this 
group is metrizable, moreover, a metric can be chosen left-invariant due to 
Theorem 8.3 [20]. The case Diff^{M) for the complex manifold M is anal- 
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ogous. 

2.7. Lemma. LetG' := Dif^,}y^g„^^„{M) be a subgroup ofG := Di]^^y g^^{M) 
such thatm{n) > n/2, F (n) — l(nj + m{n)n, 7"(n) = max(7(n) — m{n)n,0) 

for each n, in/— lim„^oo m{n)/n = c> 1/2, S" > 5 + 1/2, oo > rj" > ri + 1/2, 
ri>0 (see ^2.3). Let also G' := Diff^'{M) be a subgroup of G = Dif f^{M) 
with either a'l < ai and c'l < Ci or a'l = ai and a' 2 < 02 — 1 o-nd c'l = Ci and 
c'2 < C2 — 1 for the complex manifold M (see §§^.i.5 and 2.2.1). Then there 
exists a Hilbert- Schmidt operator of embedding J : Y' ^ Y , where Y :— TeG 
and Y' := TeG' are tangent Hilbert spaces. 

Proof. Consider at first the real case. The natural embeddings 6k of the 
Hilbert spaces H\^I'^-_;^^^I'^^^^^^^^ into H':!;^^^f {Mk^Mi+e) are Hilbert- 

Schmidt operators for each k = k{n), n G N. For each chart {Uj,(j)j) there 
are linearly independent functions x'^ei < x >'l / m\ —: fm,i,nix), where {e; : 
I e N} C I2 is the standard orthonormal basis in I2, x"^ := x'^'^...x^", ml — 
mi\...mj, < X >„= (1 + Ei=iix'yy/^, n G N, ((n) = ( G R. The linear 
span over R of the family of all such functions f{x) is dense in Y. Moreover, 
D"f{x) = eiE{p)iD^x"'/m\) (D"-'^ < x >i), where = df ...df , di = 

d/dx„ a = (aS. ..,«"), (;) = nr=iO, < « ' G Z, limn^^q^/n\ = 

for each 00 > g > 0, E^,„=i E|m|>m(n),mb'^'^""^i---"^n]"^^+^''' < OO for each 
< e < min(c — 1/2, rf — 7] — 1/2, 5" — 5 — 1/2), where m = (mi, m„), 
|m| := mi + ... + m„, < G Z. Hence due to §§2.3 and 2.4 the embedding 
J is the Hilbert-Schmidt operator. 

In the complex case we use the convergence of the series 

E°liE^=i(j!)"'^-"n^O'''"'' < 00 and T.T=iY.n=if''~"'ri'''~"' < 00. 

For the construction of Wiener processes on loop and difTeomorphism 

groups the existence of uniform atlases for them as manifolds is necessary, 

that is given by the following proposition. 

2.8. Theorem. Let the diffeomorphism group G := Di^^yg^(M) be the 
same as in ^2.3 or G := Dif f^{M) as in %2.2.1. Then 

(i)for each H^^y^f^{M, TM) -vector field V its flow rjt 

is a one-parameter subgroup of Di^^y g ^{M) , the curve t ^ r]t is of class C^, 
the mapping Exp : TeDi^^yg^{M) — > Di^^yg^(M), is continuous and de- 
fined on the neighbourhood feDiVX g (M) of the zero section inTeDiVX g (M) , 
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V r]i; 

(m) {V,W)= I gfia,){V,,W:,)ti{dx) 

is a weak Riemannian structure on a Hilbert manifold Di^^^ g^{M), where ji 
is a measure induced on M by (pj and a Gaussian measure with zero mean 
value on I2 produced by an injective self-adjoint operator Q : I2 ^ I2 of trace 
class, < /x(M) < 00; 

(iv) the Levi-Civita connection V on M induces the Levi- Civita connection 

(v) E : ™« ,,,(M) ^ i^47},5,.(^) defined by 

Erj{V) = exprf(^x)°yr) on a neighbourhood V of the zero section in T^Z^ij^^^^ Sn^^) 
and is a H^^^^f ,^ -mapping by V onto a neighbourhood Wn = Wid ° rj of 
Tj G -Dzj^^^i ^-^^(M); E is the uniform isomorphism of uniform spaces V and W . 
Analogous statements are true for Diff^{M) with the class of smoothness 
Y^'''^ instead of Hf^^'l^. 

Proof. Consider at first the real case. Then we have that TfHf^f^^^^{M, N) = 

{g G i/|^|'^^(M, TN) : Trjsfog = /}, where ttn : TN N is the canonical pro- 

jection. Therefore, THf^\l^iM,N) = i7«'J_^(M, TiV) = U/T;i/«'J,,(M, iV) 

and the following mapping Wexp ■ TfHj^!^^'^g^^{M, N) H^^^^'^^^^lM, N), Wexp{g) = 

expog gives charts for Hjlj^^^^{M, N), since TN has an atlas of class iZ|y*("^)^^^'." j. ^ 
In view of Theorem 5 about differential equations on Banach manifolds in §4.2 
[30] a vector field V of class H^'^y^s on M defines a fiow rjt of such class, that 
is drjt/dt = V or)t and rjo — e. FYom the proofs of Theorem 3.1 and Lemmas 
3.2, 3.3 in [12] we get that rjt is a one-parameter subgroup of Di^^yg^(M), 

the curve t ^ r^t is of class C\ the map Exp : T^Dif^y^g^^{M) Dif^y^g^^{M) 
defined hj V f]i is continuous. 

The curves of the form t h-* E{tV) are geodesies for V G T^Di|!^^| ^^(M) 

such that dE{tV)/dt is the map m 1— >• d{exp{tV{m))/dt = 7^(t) for each 
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m G M, where 7m(i) is the geodesic on M, 7f„(0) = rj{rn), 7^(0) = V{m). 
Indeed, this foUows from the existence of solutions of corresponding differen- 
tial equations in the Hilbert space i^|^|^^(M|TM), then as in the proof of 
Theorem 9.1 [12]. 

From the definition of it follows that for each a; G M there exists an 
open neighbourhood Y 3 x such that ^{Y) > [52]. Since t > 1, the scalar 
product (iii) gives a weaker topology than the initial Hj'^yg^. 

Then the right multiphcation ah{f) = / o /i, / — > / o ^ is of class C°° on 
Dif^y^^^^{M) for each h G Dif^y^^,^{M). Moreover, Dif^y^^^^{M) acts on itself 
freely from the right, hence we have the following principal vector bundle 
TT : TDi^^yg^(M) Di^^yg^{M) with the canonical projection tt. 

Analogously to [12, 38] we get the connection V = V o /i on Di^^^ ^^(M). 

If V is torsion-free then V is also torsion-free. From this it follows that the 
existence of E and Di^^^ ^ r/(^) Hilbert manifold of class Hji^j^^^^^^J^ ^ ^, 

since exp for M is of class H^!y!'|^^^_^^l!n} s-, f ~^ f°h is a C°° map with the deriva- 
five a,:Hl!^yl^{M',TN) ^ i/«5,,(M, TTV) whilst h G i^Sl,(M,M'), 

{vi) Eh{V) := exph(x)iV{h{x))), where 

(vii) Vh = Voh, is a vector field in M, y is a vector field in Di^^y g ^(M) . 
The proof in the complex case is analogous. 

2.9. Proposition. The loop group G :— (L^N)^ from ^2.1.5 and the 

diffeomorphism groups G :— Diffp,^(M) from [38] and G :— ^-^(M) 

from %2.3 and G := Dif f^{M) from ^2.2.1 have uniform atlases. 

Proof. In view of Theorems 3.1 and 3.3 [38] and Theorems 2.9.(1-4) [35] 
and Lemma 2.6 and Theorem 2.8 above the diffeomorphism groups G and the 
loop group G := (L^N)^ have uniform atlases (see §2.1) consistent with their 
topology, where M is the real manifold l<i<oo,0</3<oo,0<7<oo 
for the diffeomorphism group Di//|^(M) (see [38]). Others parameters are 
specified in the cited paaagraphs. They also include the particular cases of 
finite dimensional manifolds M and N. 

The case of complex compact M for G := Dif f°°{M) is trivial, since 
Diff^{M) is the finite dimensional Lie group for such M [28]. 

In view of Theorems 2.1.7, 2.8 and Formulas 2.8.(1^^, vii) above and The- 
orem 3.3 [38] that to satisfy conditions (f/l,f/2) of §2.1.1 it is sufficient to 
find an atlas At{G) of each such group G, for which f/i is a neighbourhood of 
e, and are for a; = e such that 4>i{Ui) contains a ball of radius r > 0. 
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Due to the existence of the left-invariant metrics in each such topological 
groups and its paracompactness and separability we can take a locally finite 
covering {Uj : gJ^Uj C Ui : j E N}, where {gj : j e N} is a countable subset 
of pairwise distinct elements of the group, gi = e. Using uniform continuity 
of E we can satisfy (f/1, U2) with r > 0, since the manifolds M for diffeomor- 
phism groups and for loop groups also have uniform atlases. Choosing Ui 
in addition such that E is bounded on UiUi and using left shifts L^g ■= hg, 
where h and g e G, AB -.^ {c : c ^ ah,a e A,h e B} ior AVJ B <Z G, 
and Condition {U2>) for M and N we get, that there exist sufficiently small 
neighbourhoods f/i, U] and f/f with UlUl C U] and Ul C xU}, Ul C xUj 
for each x & G such that Conditions (f/1 — f/3) are satisfied, since uniform 
atlases exist on the Banach or Hilbert tangent space TgG. 

3 DifFerentiable transition Wiener measures 
on loop and diffeomorphism groups. 

3.1. Definitions and Notes. Let G be a Hausdorff topological group, we 
denote by : Af{G, fj) — > [0, oo) C R a cr-additive measure. Its left shifts 

IJ>(j>{E) :— ^i{(t)~^ o E) are considered for each E G Af{G,fi), where Af{G,fi) 
is the completion of Bf{G) by yU-null sets, Bf{G) is the Borel o"-field on 
G , 4> o E := {(p o h : h E E}, G G. For a monoid or a groupoid G let 
left shifts of a measure // be defined by the following formula: jJ^^tiE) :— 
lj,{(f)oE). Then // is called quasi-invariant if there exists a dense subgroup G' 
(or submonoid or subgroupoid correspondingly) such that //^ is equivalent 
to /i for each G G'. Henceforth, we assume that a quasi-invariance factor 
p^{(j),g) = ii^{dg) / ii{dg) is continuous by (0,5') E G' xG, n{V) > for some 
(open) neighbourhood V (Z G of the unit element e G G and A*(G) < oo. 

Let (M, F) be a space M of measures on (G, Bf{G)) with values in R and 
G" be a dense subgroup (or submonoid or subgroupoid) in G such that a 
topology F on M is compatible with G" , that is, fi fihis the homomorphism 
of (M, F) into itself for each h E G" . Let F be the topology of convergence 
for each E G Bf{G). Suppose also that G and G" are real Banach manifolds 
such that the tangent space TgG" is dense in T^G, then TG and TG" are 
also Banach manifolds. Let S(G") denotes the set of all differentiable vector 
fields X on G" , that is, X are sections of the tangent bundle TG" . We say 
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that the measure /i is continuously differentiable if there exists its tangent 
mapping T^n^{E){X^) corresponding to the strong differentiabihty relative 
to the Banach structures of the manifolds G" and TG" . Its differential we 
denote D^fi^{E), so D^ii^{E){X(j,) is the cr-additive real measure by subsets 
E e Af{G, /i) for each G G" and X e S(G"') such that Dfi{E) : TG" R 
is continuous for each E G Af{G,n), where D^ix^{E) = pr2 o (Tfi)^(E), 
pr2 : X F ^ F is the projection in TN, p ^ N, TpN = F, iV is another real 
Banach differentiable manifold modelled on a Banach space F, for a differen- 
tiable mapping V : G" ^ N hj TV : TG" TN is denoted the correspond- 
ing tangent mapping, {Tfi)^{E) := T^fi^{E). Then by induction fi is called n 
times continuously differentiable if T'^^^fi is continuously differentiable such 
that T> := T {T''-^ i^) , are the a-additive real 

measures hy E e Af{G,ii) for each X-i,...,Xn G 5(G"), where {Xj)^!, =: Xj^^ 
for each j = 1, ...,n and G G", D"fx : Af{G,fx) (g) S(G")" ^ R. 

Differentiable quasi-invariant transition measures on loop and diffeomor- 
phism groups G relative to dense subsgroups G' are given by the following 
theorem, where the dense subgroups G' are described precisely. 

3.2. Note. Suppose that in the either y^'^'-Hilbert or y^'''''^' -manifold 
N modelled on I2 (see §2.1) there exists a dense Y'^''' - or y^'** ■'^"-Hilbert 
submanifold N' modelled on /2,e = ^2,e(C) (see §2.2.2), where 

(1) a > 6 > 6' and c> d' and either 

(2) 00 > e > 1/2 and d' > d" or 

(3) 00 > e > and d' > d" (such that either d[ > cT' 1 or d[ = d"i and 
(^2 > c?"2 + 1) correspondingly. 

If is finite dimensional let A^' = A^. Evidently, each F^'^'-manifold is 
the complex G°°-manifold. Certainly we suppose, that a class of smoothness 
of a manifold A^' is not less than that of A^ and classes of smoothness of M 
and A^ are not less than that of a given loop group for it as in §2.1.5 and of 
G' as below. For the chosen loop group G — (L^N)^ let its dense subgroup 
G' := {L^N')^, be the same as in Theorem 2.11 [35] or Theorem 2.6 [37] or 
[34] with parameters: 

(a) ^' = (T,a") such that a" > 6 for ^ = and the F^-^'-manifolds M 
and A^ and the y^'^' -manifold A^'; 

(b) = (T, a") such that a > a" > 6 for ^ = (T, a); 

(c) = (^;Ct";C") for ^ = (T, fl, c) and dirricM — 00 such that b < 
a" < a and d' < c" < c and either (2) 00 > e > 1 with d" < d' or (3) 
00 > e > with d" < d', such that either d[ > d" i or d[ = d" i and 



29 



4 > rf"2 + 1, where M and are F'^'*''^'-manifolds, N' is the Y'^''''''^"- 
manifold, 1 < dimcM =: m < cxd in the cases {a — b), where either ai > a" i 
or oi = a"i with 02 > a"2 + 1, analogously for c and c", 6 and b' instead 
of a and a". For the corresponding pair G' {L^N')^^ and G := (L^N)^ 
let indices in (1 — 3) and (a — c) be the same with substitution of ,^ = on 
^ = (00, H). For real manifolds M and in addition N' is on /2,e(R')- 

Then the embedding J : T^G' ^ T^G is the Hilbert-Schmidt operator, 
that follows from §§2.1 and 2.7. 

For the diffeomorphism group Diffp^^{M) of a Banach manifold M let 
M be a dense Hilbert submanifold in M as in [38, 39]. 

3.3. Theorem. Let G be either a loop group or a diffeomorphism group 
for real or complex separable metrizable G°° -manifolds M and N, then there 
exist a Wiener process on G which induce quasi-invariant infinite differen- 
tiable measures /i relative to a dense subgroup G' . 

Proof. These topological groups also have structures of C°°-manifolds, 
but they do not satisfy the Campbcll-Hausdorff formula in any open local 
subgroup. Their manifold structures and actions of G' on G will be sufficient 
for the construction of desired measures. Manifolds over C naturally have 
structures of manifolds over R also. 

We take G = G and y = y for each loop group (L^N)^ outhned in 
3.2.(6, c), for each diffeomorphism group Dif f^{M) of a complex manifold 
M given above, for each diffeomorphism group G := ^^(M) for a real 

manifold M, since such G has the Hilbert manifold structure (see Theorems 
2.1.7 and 2.8 and also Appendix). For G :— Dif f^^,^{M) there exists a 
Hilbert dense submanifold M in a Banach manifold M (see §2.6) and a 
subgroup G :— Di^^yg^{M) dense in G and a diffeomorphism subgroup G' 
dense in G (see the proof of Theorem 3.10 [39] and Lemma 2.6.2 above). 
This G' can be chosen as in Lemma 2.7. 

For the chosen loop group G = {L^ N)^ let its dense subgroup G' := 
{L^N')^, be the same as in §3.2 Cases (6, c). In case 3.2. (a) let G = {L^N)^ 
and G = {L^N')^ with ^ = (T, a) such that a > a" , then G' let be as in 
3.2. (a). 

On G' there exists a 1-parameter group p : R x G" — > G" of diffeomor- 
phisms of G' generated by a C°°- vector field Xp on G' such that Xpiji) = 
{dp{s,p)/ds)\s=o, where p{s-\-t,p) = p{s, p{t,p)) for each s, t e R, p(0,p) = p, 
p{s, *) : G' — > G' is the diffeomorphism for each s e R (about p see 
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§1.10.8 [26]). Then each measure fi on G and p produce a 1-parameter 
family of measures Hs{W) := ii{p{—s,W)). For the construction of differ- 
entiable measures on the C°°-manifold we shall use the following statement: 
if a G C°^{TG',TG) and A E G^{TG' , Li^2{TG' ,TG)) and G T^G and 
Ax G Li^2{TxG' ,TxG) for each x E G', each derivative hy x E G': a'^^^ 
and Af^ is a Hilbert-Schmidt mappings into Y = T^G for each k E IS and 
sup^gg ||74^(t)74*(t)||~^ < G, where C > is a constant, then the transition 
probability P{T,x,t,W) :— P{uj : = x,^{t,uj) E W} is continuously 

stronlgy C°°-differentiablc along vector fields on G', where G' is a dense G°°- 
submanifold on a space Y', where Y' is a separable real Hilbert space having 
embedding into F as a dense linear subspace (see Theorem 3.3 and the Re- 
mark after it in Chapter 4 [7] as well as Theorems 4.2.1, 4.3.1 and 5.3.3 [7], 
Definitions 3.1 above), W E ft- 

Now let G be a loop or a diffeomorphism group of the corresponding 
manifolds over the field R or C. Then G has the manifold structure. If exp'^ : 
TN — s> is an exponential mapping of the manifold N, then it induces 
the exponential C°^-mapping E : f{L^N)^ {L^^N)^ defined by En{v) = 
exp^ ovjj (see Theorem 2.1.7), where TN is a neighbourhood of A?" in a tangent 
bundle TN, rj E (L^N)^ =: G, We is a neighbourhood of e in G, Wr, = Weorj. 
At first this mapping is defined for classes of equivalent mappings of the loop 
monoid {S^'^ N)^ and then on elements of the group, since exp^^^^^ is defined 
for each x E M and f E rj E {S^N)^ (see Theorem 2.9.(3) [35] and Theorem 
2.4.3 [37]). The manifolds G and G' are of class C°° and the exponential 
mappings E and E for G and G' correspondingly are of class (strongly) C°°. 
The analogous connection there exists in the diffeomorphism group of the 
manifold M satisfying the corresponding conditions (see Theorem 3.3 [38], 
§2.3 and Theorem 2.8) for which: Ejj{v) = expr,{x) o Vr, for each x E M and 
rj E G. We can choose the uniform atlases Atu{G) such that Christoffel 
symbols are bounded on each chart (see Proposition 2.9). This mapping 
E is for G as the manifold and has not relations with its group structure 
such as given by the Campbell-Hausdorff formula for some Lie group, for 
example, finite dimensional Lie group. For the case of manifolds M and A^ 
over C we consider G and others appearing manifolds with their structure 
over R, since C = R © iR as the Banach space over R. 

Then for the manifold G there exists an Ito bundle. Consider for G an Ito 
field U with a principal part (a^, A^), where E T^G and A^ E Li 2{H, T^G) 
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and ker{Ari) = {0}, 6 : Hq — > G is a trivial bundle with a Hilbert fiber H and 
Hg := G X H, Li^2{0,Tn) is an operator bundle with a fibre Li^2{H,TnG). 
To satisfy conditions of quasi-invariance and differentiability of transition 
measures theorem we choose A also such that sup^g^ < C, 

where C > is a constant. If an operator B is selfadjoint, then A^BA^* 

is also selfadjoint, where =: Af/{t) is on a chart {Uj,(f)j). If jj^B is a 

Gaussian measure on T^G with the correlation operator B, then A^y^-^^^^* is 
the Gaussian measure on Xi^^, where B is selfadjoint and ker{B) = {0}, 
A^ : T^G — i> Xi^^, Xi^^ is a Hilbert space. We can take initially hb a cylin- 
drical measure on a Hilbert space X' such that Tj^G' C X' C T^G. If A^^ 
is the Hilbert-Schmidt operator with ker{Ay^) — {0}, then A^BAf^* is non- 
degenerate selfadjoint linear operator of trace class and such the so called 
Radonifying operator Af^ gives the c-additive measure l-Ji^ ji^BA"^* com- 
pletion X[ ,^ of X' with respect to the norm ||a;||i := ||^77a;|| (see §11.2.4 [10], 
§1.1.1 [52], §11.2.4 [48]). Then using cyhnder subsets we get a new Gaus- 
sian (T-additive measure on T^G, which we denote also by A*^0^^<#'* (see also 
Theorems 1.6.1 and III.l.l [29]). 

If Uj n f/i ^ 0, then Aflit) = U,,^/Ap{t)f^^^^/~\ hence the correla- 
tion operator A^BAf* is selfadjoint on each chart of G, that produces the 
Wiener process correctly. Therefore, we can consider a stochastic process 
d^{t,u) = E^(t,uj^[a(^(i,uj)dt + A^(t,tj)(iw], where w is a Wiener process on T^G 
defined with the help of nuclear nondegenerate selfadjoint positive definite 
operator B. The corresponding Gaussian measures /J'^^'^ba'^* for t > (for the 
Wiener process) are defined on the Borel cr-algebra of T^G and l^i.^'t'BA'''* ^'^^ 
such Hilbert-Schmidt nondegenerate linear operators with ker(A^) — {0} 
are cr-additive (see Theorem II. 2.1 [10]). When the embedding operator 
T^G' s> TjjG is of Hilbert-Schmidt class, then there exists A^^ and B such 
that fJ^i.A'''BA'^* quasi-invariant and G°°-differentiable measure on T^G 

relative to shifts on vectors from T^G' (see Theorem 26.2 [52] using Carleman- 
Predholm determinant and Chapter IV [10] and §5.3 [54]). Henceforth we 
impose such demand on B and A^^ for each 1] G G'. 

Consider left shifts : G ^ G such that Lht] := h o rj. Let us take ag G 
TeG, Ae G Li,2(TeG',TeG), then we put = {DL^)ae and = (DL^) o A^ 
for each x G G, hence Qx G TgG and A^ G Li^2{Hx, {DLx)TeG), where 
{DLx)T^G = TxG and T^G' C T^G, := {DLx)T^G'. Operators are 
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(strongly) C°°-differentiable diffeomorphisms of G such that DhLh '■ T^^G 
ThjjG is correctly defined, since DhLh = /i* is the differential of h [12, 13]. In 
view of the choice of C in G each covariant derivative Vxi---Vx„(-Dfe-Lft)y 
is of class Ln+2,2iTG'^^^ x G',TG) for each vector fields Xi, ...,Xn,Y on G' 
and h G G', since for each < / G Z the embedding of T'G" into T^G is of 
Hilbert-Schmidt class, where T^G := G (above and in [7] mappings of trace 
and Hilbert-Schmidt classes were defined for linear mappings on Banach and 
Hilbert spaces and then for mappings on vector bundles). Take a dense 
subgroup G' as it was otlined above and consider left shifts Lh for h G G'. 

The considered here groups G are separable, hence the minimal o"-algebra 
generated by cylindrical subalgebras /~^(B„), n=l,2,..., coincides with the cr- 
algebra B of Borel subsets of G, where f : G ^ R" are continuous functions, 
B„ is the Borel cr-algebra of R". Moreover, G is the topological Radon space 
(see Theorem 1.1.2 and Proposition 1.1.7 [10]). Let P{to,ij,t,W) := P{{uj : 
C,{to,uj) = ilj,$,{t,u) G W}) be the transition probability of the stochastic 
process ^ for < to < t, which is defined on a cr-algebra B of Borel subsets in 
G, W E B, since each measure Z^^^^^^* is defined on the cr-algebra of Borel 
subsets of TjjG (see above). On the other hand, S{t,T;gx) = gS{t,T;x) is 
the stochastic evolution family of operators for each < to < r < t. There 
exists IJ.{W) := P{to,ip,t,W) such that it is a a-additivc quasi-invariant 
strongly C°^-differentiable relative to the action of G' by the left shifts Lh on 
H measure on G, for example, to = and ip = e with to < t, that is, iJ,h{W) : = 
IJ,{h~^W) is equivalent to n and it is strongly infinitely differentiable by /i G 
G'. 

The proof in cases G = G is thus obtained. In cases G G G and G ^ G the 
use of the standard procedure of cylinder subsets induce a Weiener process 
and a transition measure from G on G which is quasi-invariant and C°°- 
differentiable relative to G' (see aslo [39]). 

3.4. Note. This proof also shows, that is infinitely differentiable 
relative to each 1-parameter group p : H x G' G' of diffeomorphisms of 
G' generated by a C°^-vector field Xp on G'. Evidently, considering different 
(a, A) we sec that there exist c = card{Il) noncquivalcnt Wiener processes on 
G and c orthogonal quasi- invariant C°°-differentiable measures on G relative 
to G' (see the Kakutani theorem in [10]). 
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4 Differentiable Wiener transition measures 
on loop monoids. 

This section is the consequence of the preceding sections and contains results 
for loop monoids as well as for loop groupoids, which are defined in §4.2. 
For the considered here classes of manifolds the generalized path space is 
defined in §4.4. Differentiable transition Wiener measures on them are given 
in Theorems 4.1, 4.3 and 4.5. 

4.1. Theorem. Let G :— (S^N)^ be a loop monoid for both real or 
complex manifolds M and N. Then there exists a dense submonoid G' :— 
{S^N')^i and a stochastic process, which generates quasi-invariant strongly 
C°° -differentiable measure fi on G relative to G' . 

The proof is quite analogous to that of Theorem 3.3 with the help of 
definiton 3.1. Pairs (C,^') and (iV, iV') were given above in §3.2. 

4.2. Note and definition. Let now M and N be two orientable Rie- 
mann manifolds finite or infinite dimensional. If M„i is a compact manifold 
and fn,m, £ y^{Mm, N) has a rank rank{fn,m{x)) = dimnTxMm. for each 
X e Mm, then fn,m{Mjn) is the F^-submanifold in N and on fn,m{Mm) there 
exists the Levi-Civita connection and the Riemann volume element i'n,m as 
in §2.1.5.1 such that i'n,m{fn,m{Mm)) — 1- This induces local normal coordi- 
nates in fn^m{Mm)- In particular, if — we get the natural parameter 
corresponding to the length of an acr in a curve, analogously in the multi- 
dimensional case. For each function / G Y^{M,N) there exists a sequence 
fn,m(n)\M,n ^ '^^{^m, Converging to /, hence there are the natural coor- 
dinates for /, which are mappings ijjf e Y^{B,N) and hf e Y^{f{M),N) 
with hf o ijjf = /, where B is the unit sphere in R™ or I2 over R corre- 
spondingly. There exists an embedding ^ ■ Y^{M W M,N) ^ Y^{M,N) 
(see [34, 35] and §§2.1.4, 2.1.5 above). In combination with the choice of 
the natural coordinates we get the following continuous composition go f m. 
G :— y^(M, So; N, yo) such that gowo — g, that supphes G with the groupoid 
structure with the unity. Let G' := Y^' {M, sq; N' ,yo) with ^' = (T,a",c") 
for ^ = (T,a, c), where b' < a' < a" < a and rf" < c' < c" < c, N' is 
a y^'^ ''^'-submanifold dense in (see also Conditions (b.c) in §3.2). Such 
space y^(M, sq; N, yo) is called the generalized pinned loop space. 

4.3. Theorem. On the groupoid G there exists a stochastic process 
generating a quasi-invariant continuosly G°° -differentiable measure /i relative 
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to the dense subgroupoid G' (see ^4-^)- 

Proof. Since N is tlic C"^-manifold, then for each curve f{t,x) : R x 
M — > of class C°° by t there exists d^f{t,x)/dt^ for each I e N, hence 
T^Y^{M, N) = y«(M, T^N) for each / G N and Y^{M, N) is the C°°-manifold 
with the exponential mapping {Exp^V){x) = exp^i^^^ov{g{x)) for each a; G M 
(see Proposition 1.2.3 and Corollary 1.6.8 [26] and [14]), where V = vog is the 
vector field on Y^{M, N), v is the vector field on iV, 51 G Y^{M, N). There- 
fore, Exp^V is of class C~ by Prechet on fY^{M, N) . Then Y^(M, sq; N, yo) 
(see the notation in §2.1.5) is its closed C°°-submanifold with g{so) = yo and 
for it the restriction Exp^ \fYii(^M,so;N,yo) ^^^'^ defined and is of class C°°. 
In view of §3.2 the embedding of Y^'{M,N') into Y^{M,N) is of Hilbcrt- 
Schmidt class. Repeating almost the same arguments (without the use of 
h~^) for groupoids G and G' as in Theorem 3.3 we get the proof of Theorem 
4.3. 

4.4. Let Y^{M,N) be as in §2.1.5, then Y^{M,N) be called the gen- 
eralized path space, where a fixed mapping 6 is omitted. If = [0, 1]*^ 
are submanifolds in M, k = 1,2,..., such that Ufc^fe is dense in M, then 
the subspace Yi^{M,N) :={/:/ g F«(M, iV), /(x) = f{y) when x'' = 
y'^ {mod 1) for each k} is called the loop space, where x — {x'' : k — 
1, 2, x'' G R) G M. Let ^ and ^' be the same as m q4./. 

4.5. Theorem. On Y^{M, N) and Yi^{M, N) th ere exists a Wiener 
process such that it generates quasi-invariant measures relative to vector fileds 
of Y^' (M, A^) and Y^ {M,N), respectively. 

Proof. y^(M, A^), F/(M, iV), F«'(M, N) and Yf {M, N) are C°°-manifolds 
with of class C°° exponential mappings, since the exponential mapping TY^{M, N) 
generates the corresponding restriction on TYi^{M,N) also of class C°° (see 
the proof in §4.3). They have uniform atlases. Here we can take a G TG 
and A G Li^2{0,t) (see also §3.3 without relations with DLh). Each vector 
field X otlY^ —: G' generates the 1-parameter diffeomorphism group px of 
G' (see §3.4). Then repeating the major parts of the proof of §3.3 without 
Lh and so more simply, but using actions of vectors fields of TG' by px on 
Y^{M,N) or Yi^{M,N) correspondingly we get the statement of this theo- 
rem, since {Dxpx)y and [{'Vx)"'{DxPx)]y are of class Ln+2,2 
for each vector fields X and Y on G' and each n G N, where G -.— Y^. 
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5 Unitary representations associated with quasi- 
invariant measures. 



This section contains results for unitary representations associated with quasi- 
invariant measures, which may be in particular transition Wiener measures. 
The generalization 5.1.2 of theorems from preceding works [39, 35] is proved. 
It is applied in §5.2 to the considered here case of Wiener transition mea- 
sures. Then applications to induced representations of nonlocally compact 
topological groups are given having in mind the examples of constructed 
quasi-invariant measures on loop groups and diffeomorphism groups. 

5.1.1. Note. The transition measures P =: i/ on G induce strongly con- 
tinuous unitary regular representations of G' given by the following formula: 
T}:fig) := {iy'^{dg)/iy{dg)y/'fih-'g) for / e L\G,iy,C) =: H, Tj^ G U{H), 
U (H) denotes the unitary group of the Hilbert space H. For the strong con- 
tinuity of Tf^ the continuity of the mapping G' 3 Pv{h, g) e L^{G, v, C) 
and that v is the Borcl measure are sufficient, where g E G, since u is the 
Radon measure (see its definition in Chapter 1 [10]). On the other hand, 
the continuity of p,y{h, g) = v^i^dg) /vi^dg) by h from the Polish group G' into 
V-{G, C) follows from pt,{h, g) G L^{G, i/, C) for each h e G' and that G' 
is the topological subgroup of G. In section 3 mostly Pohsh groups G and 
G' were considered. When G was not Polish it was used an embedding into 
G of a Polish subgroup G such that G' G G G G and a measure on G in- 
duces a measure on G with the help of an algebra of cylindrical subsets. So 
the considered cases of representations reduce to the case of Polish groups 
(G",G). 

More generally it is possible to consider instead of the group G a Polish 
topological space X on which G' acts jointly continuously: (f) : (G" x X) 3 
{h,x) h-> hx =: 4>{h,x) e X, 4>{e,x) = x for each x E X, 4>{v,4>{h,x)) — 
(t){vh,x) for each v and h E G' and each x E X. If is the Borel function, 
then it is jointly continuous [18]. 

A representation T : G' ^ U{H) is called topologically irreducible, if 
there is not any imitary operator (homeomorphism) S on H and a closed 
(Hilbert) subspace H' in H such that H' is invariant relative to SThS* for 
each h e G', that is, SThS*{H') G H'. 

A topological space S is called dense in itself if 5" C 5"^, where 5"^ is the 
derivative set of S, that is, of all limit points x e cl{S \ {x}), x E S, where 
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d{A) denotes the closure of a subset A in S (see §1.3 [16]). 

A measure on X is called ergodic, if for each U G Aj\X, v) and F e 
Af{X, v) with v{U) X v{F) ^ there exists h^G' such that v{{hoE)^F) ^ 
0. 

5.1.2. Theorem. Let X be an infinite Polish topological space with a a- 
additive a-finite nonnegative nonzero ergodic Borel measure v with supp{v) = 
X and quasi-invariant relative to an infinite dense in itself Polish topological 
group G' acting on X by the Borel function 0. If 

(i) spc{'4'\ i'ig) '■= {^^{dg)/i^{dg)Y^'^,h e G'} is dense in H and 

(a) for each fij and f2j in H, j = 1, ...,n, n G N and each e > there 
exists h e G' such that \{Thfij, f2,j)\ < e|(/i,i, /2j)|, when |(/ij,/2j)| > 0. 
Then the regular representation T : G' ^ U {H) is topologically irreducible. 

Proof. Prom Condition (i) it follows, that the vector /o is cychc, where 
fo & H and fo{g) = 1 for each g E X. In view of card{X) > and the 
ergodicity of u for each n G N there are subsets Uj G Bf{X) and gj G G' such 
that u{{g,U,) n {\J^=l,...,j-l,J+l,...,nU^)) = and Il]=i J^AUj) > 0. Together 
with Condition (ii) this implies, that there is not any finite dimensional 
G'-invariant subspace H' in H such that ThH' C H' for each h E G' and 
H' ^ {0}. Hence if there is a G'-invariant closed subspace iJ' 7^ in if it is 
isomorphic with the subspace L'^{V, u, C), where V G Bf{X) with ^'{V) > 0. 

Let Ag denotes a *-subalgebra of an algebra L(iJ) of bounded linear 
operators on H generated by the family of unitary operators {Th : h G G'}. 
In view of the von Neumann double commuter Theorem (see §VL24.2 [17]) 
Ag" coincides with the weak and strong operator closures of A^ in L(i7), 
where A^r' denotes the commuting algebra of A^ and A^-" = (A^')'- 

Each Polish space is Cech-complete. By the Baire category theorem in a 
Cech-complete space X the union A = [JiZi Ai of a sequence of nowhere dense 
subsets Ai is a codense subset (see Theorem 3.9.3 [16]). On the other hand, 
in view of Theorem 5.8 [20] a subgroup of a topological group is discrete if 
and only if it contains an isolated point. Therefore, we can choose 

(i) a probability Radon measure A on G' such that A has not any atoms 
and supp{X) = G' . In view of the strong continuity of the regular represen- 
tation there exists the S. Bochner integral JxThf{g)i'{dg) for each f E H, 
which implies its existence in the weak (B. Pettis) sence. The measures p and 
A are non-negative and bounded, hence H C L?-{X, i/, C) and L'^{G', A, C) C 
L^{G', A, C) due to the Cauchy inequality. Therefore, we can apply below the 
Fubini Theorem (see §11.16.3 [17]). Let f E H, then there exists a countable 
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orthonormal base {/■' : j G N} in if C/. Then for each n G N the fol- 
lowing set 5„ := {q G L\G',\C) : (P,/)^^ = y q{h){P ,Thfo)HX{dh) for 
J = 0, is non-empty, since the vector /q is cychc, where /° := /. 

There exists oo > R > such that Bn n =: is non-empty 

and weakly compact for each n G N, since B^ is weakly compact, where 
B^ := {g G L^(G', A,C) : \\q\\ < R} (sec the Alaoglu-Bourbaki Theorem in 
§(9.3.3) [46]). Therefore, B^ is a centered system of closed subsets of B^, 
that is, n^^^B^ 7^ for each m G N, hence it has a non-empty intersection, 
consequently, there exists q G L'^{G', A, C) such that 

{ii) f{g) = j^q{h)TUo{9)Kdh) 

for i/-a.e. g E X. If F G L°°(X, i/, C), /i and /2 G H, then there exist gi and 
q2 G L^(G', A, C) satisfying Equation (ii). Therefore, 

(m) (/i,F/2)^=:c= / / / q,{hMh,)pl/'{h,g)pl/\h2,g)F{g)X{dh)X{dh2Mdg). 

Let ah):=f f [ q,{h,)q2{h2)pl'\h,, g)pl'\hh2, g)\{dh,)\{dh2)u{dg). 

Then there exists (3{h) G L'^{G', A, C) such that 

!G'mmKdh) = c. 
To prove this we consider two cases. If c = it is sufficient to take /5 
orthogonal to ^ in I/^(G', A, C). Each function q G L'^{G', A, C) can be written 
SiS q — q^ — q^ -\- iq^ — iq'^, where q^{h) > for each h E G' and j — 1, 4, 
hence we obtain the corresponding decomposition for ^, ^ = ^j^k^'^^-^'^ , 
where ^^'^ corresponds to q{ and where 6^'*^ G {1, — — i}. If c we 
can choose (jo, ^0) for which ^•'o-'^o ^ and 

(w) 13 is orthogonal to others ^^'^ with (j, /c) 7^ (jo, ko). 
Otherwise, if ^^'^ — for each (j, k), then q'/ (/i) = for each (Z, j) and A-a.e. 
h E G', since 

e(0)=/ i/(d5)(/ qiih)pl/'ih,g)X{dh)){[ q2ih2)p'J\h„g)X{dh)) = 

and this implies c = 0, which is the contradiction with the assumption c 7^ 0. 

Hence there exists (3 satisfying conditions {iv,v). 

Let a{x) G L'^(X,z/,C), / and ^ G /3(/i) G L^{G',\,C). Since 
L^{G', A, C) is infinite dimensional, then for each finite family of a G (oi, 0^^} C 
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L~(X,z/,C), / G {fi,...Jm} C H there exists (3{h) e L'^{G',X,C), h G G", 
such that (3 is orthogonal to Jxfs{9)[fj{h~^9){pu{h,g)y/'^ - fj{g)]iy{dg) for 
each s,j — 1, ...,m. Hence each operator of multiphcation on aj{g) belongs 
to Ao" , since due to Formula (iv) and Condition (v) there exists P{h) such 
that 

{fs,ajfi)=[ f Ug)m{pu{Kg)f"fi{h-'g)\{dh)v{dg) = 

= / / Ug)m{Thfi{g))Kdh)v{dg), I fs{9)aj{g)MgHdg)^ 
= /' / fs{g)mfi{9)Kdh)v{dg) = {fs,a^fi). 

J X J 

Hence A^" contains subalgebra of all operators of multiplication on functions 
from v, C). With G' and a Banach algebra A the trivial Banach bundle 

B = A X G" is associative, in particular let A = C (see §V111.2.7 [17]). 

The regular representation T of G' gives rise to a canonical regular H- 
projection- valued measure P: P{W)f = Chwf, where f E H, W E Bf{X), 
Chw is the characteristic function of W. Therefore, ThP{W) = P{h o W)Th 
for each h E G' and W G Bf{X), since Pu{h, o g)p^[h,g) = 1 = p^{e,g) 
for each (h^g) E G' x X, Ghw{h~^ o g) = Ghhow{9) and Th{P{W)f{g)) = 
Puih, gY^^P^h o W)f{h^^ o g). Thus < T, P > is a system of imprimitivity 
for G' over X, which is denoted T'^. This means that conditions SI{i — in) 
are satisfied: 

SI{i) T is a unitary representation of G"; 

SI{n) P is a regular if-projection-valued Borel measure on X and 

Slliii) ThPiW) = P{h o W)Th for all h E G' and W E Bf{X). 

For each F E L°°{X, u, C) let be the operator in L(i7) consisting of 
multiphcation by F: apif) = Ff for each f E H. The map F ^ is 
an isometric *-isomorphism of L°°(X,i/,C) into L{H) (see §VHI.19.2[17]). 
Therefore, Propositions VIII. 19.2,5 [17] (using the approach of this particular 
case given above) are applicable in our situation. 

If p is a projection onto a closed T^'-stable subspace of H, then p com- 
mutes with all P{W). Hence p commutes with multiplication by all F E 
L^{X,u,C), so by §VIH.19.2 [17] p = P{V), where V E Bf{X). Also p 
commutes with all T/j, h E G', consequently, {h o V) \ V and {h~^ oV)\V 
are z/-null for each h E G', hence z/((/i o V) A V) =0 for all h E G' . In 
view of ergodicity of and Proposition VIII. 19.5 [17] either t^(V^) = or 
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u{X \ V) = 0, hence either p = ot p = I, where / is the unit operator. 
Hence T is the irreducible unitary representation. 

5.2. Theorem. On a loop or a diffeomorphism group G there exists a 
stochastic process, which generates a quasi-invariant measure /i relative to 
a dense subgroup G' such that the associated regular unitary representation 

: G" ^ f/(L2(G',/i,C)) is irreducible. 

Proof. From the construction of G' and in Theorem 3.3 it follows that, 
if a function / e L^(G', C) satisfies the following condition f^{g) — f{g) 
{mod n) hy g & G for each h e G', then f{x) — const {mod /i), where 

ng) ■■= f{hg), g e G. 

Let f{g) = Chu{g) be the characteristic function of a subset U, U G G, 
U e Af{G,i^), then f{hg) = 1^ g e h'^U . If f\g) = f{g) is true by 
g E G /x-almost everywhere, then ij,{{g e G : f^{g) ^ f{9)}) = 0, that is 
lji{{h~^U) A f/) = 0, consequently, the measure fi satisfies the condition (P) 
from §V111.19.5 [17], where AAfi := {A\B)U{B\A) for each A, C G. For 
each subset E G G the outer measure is bounded, ^*{E) < 1, since /ti(G') = 1 
and 11 is non-negative, consequently, there exists F G Bf{G) such that F D E 
and = l^*{E). This F may be interpreted as the representative of the 
least upper bound in Bf{G) relative to the latter equality. In view of the 
Proposition VIII. 19.5 [17] the measure ji is ergodic. 

In view of Theorems 2.1.7 and 2.8 the Wiener process on the Hilbert man- 
ifold G induces the Wiener process on the Hilbert space T(.G with the help of 
the manifold exponential mapping. Then the left action of G' on G induces 
the local left action of G' on a neighbourhood y of in T^G with v(y) > 0, 
where v is induced by /x. A class of compact subsets approximates from 
below each measure ji^ , fi^{dg) := \f{g)\fJ'{dg), where / G L^(G',/i, C) =: H. 
Due to the Egorov Theorem II. 1.11 [17] for each e > and for each sequence 
fn{g) converging to f{g) for /x-almost every g E G, when n — > oo, there exists 
a compact subset K in G such that //(G \ K) < e and fn{g) converges on K 
uniformly by 5^ G K, when n — 00. 

In view of Lemma IV.4.8 [48] the set of random variables {(f){Bt-^, Bt^) : 
ti G [to,T],0 G G^{W),n G N} is dense in L2(Ft,/x), where T > to- In 
accordance with Lemma IV.4.9 [48] the hnear span of random variables of the 
type {expiJo h{t)dBt{uj) - Jq h'^{t)dt/2} : h G L'^[to,T] (deterministic) } 
is dense in ^^(Ft-, /i), where T > t^. Therefore, in view of Girsanov Theorem 
2.1.1 and Theorem 5.4.2 [54] the following space spc{ijj{g) := {p{h, g)y^'^ : 
h G G'} =: Q is dense in H, since Pn{e, g) = I for each g E G and Lh : G ^ G 
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are diffeomorphisms of the manifold G, Lh{g) = hg. Finally we get from 
Theorem 3.3 above that there exists ii, which is ergodic and Conditions {i, ii) 
of Theorem 5.1.2 are satisfied. Evidently G' and G are infinite and dense in 
themselves. Hence from Theorem 5.1.2 the statement of this theorem, follows. 

5.3. Note. Then analogously to §3.3 there can be constructed quasi- 
invariant and pscudo-difTcrcntiabIc measures on the manifold M relative to 
the action of the diffcomorphism group Gm such that G' C Gm- Then Pois- 
son measures on configuration spaces associated with either G or M can be 
constructed and producing new unitary representations including irreducible 
as in [40]. 

Having a restriction of a transition measure /i from §3.3 on a proper open 
neighbourhood of e in G it is possible to construct a quasi-invariant cr-finite 
nonnegative measure m on G such that m{G) = oo using left shifts on 
the paracompact G. Analogously such measure can be constructed on the 
manifold M in the case of the diffcomorphism group using Wiener processes 
on M . For definite in view of Theorems 2.9 [40] and 5.2 the corresponding 
Poisson measure Pm is ergodic. Therefore, Theorems 3.4, 3.6, 3.9, 3.10, 3.13 
and 3.14 [40] also encompass the corresponding class of measures m and Pm 
arising from the constructed in §3.3 transition measures. 

In view of Proposition II. 1 [47] for the separable Hilbert space H the 
unitary group endowed with the strong operator topology U {H)s is the Polish 
group. Let U{H)n be the unitary group with the metric induced by the 
operator norm. In view of the Pickrell's theorem (see §11.2 [47]): if n : 
U{H)n — > U{y)s is a continuous representation of U{H)n on the separable 
Hilbert space V, then tt is also continuous as a homomorphism from U{H)s 
into U{y)s- Therefore, if T : G' ^ U{H)s is a continous representation, 
then there are new representations ir o T : G' ^ U{V)s- On the other 
hand, the unitary representation theory of U{H)n is the same as that of 
Uoo{H) := U{H) n{l + Lo{H)), since the group U^{H) is dense in U{H)s. 

5.4. Remark. Let yU be a Borel regular Radon non-negative quasi- 
invariant measure on a topological Hausdorff group G relative to a dense 
subgroup G' with a continuous quasi-invariancc factor Pn{x,y) on G' x G 
and < yLi(G) < oo. Suppose that V : S ^ U{Hv) is a strongly continuous 
unitary representation of a closed subgroup S in G'. There exists a Hilbert 
space L^(G,//, of equivalence classes of measurable functions f : G ^ 
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Hv with a finite norm 

(1) 11/11 (/^ 11/(5)111.^^5))'/' <oo. 

Then there exists a subspace of functions / € L'^{G, fi, Hy) such that 
fijiy) = Vh-if{y) for each y E G and h E S, the closure of \I/o in L'^{G, /i, iify) 
is denoted by For each / e ^^-^ there is defined a function 

(2) (rJ'V)(y) :=pf(^,y)/(^-'y), 

where p^{x,y) := fj,x{dy) / p{dy) is a quasi-invariance factor for each x e 
G' and y e G, HxiA) := /i(a;~^y4) for each Borel subset A in G. Since 
(T^'^'fXhy) = K-i((T^/) (?/)), then is a T^'^^-stable subspace. There- 
fore, T^'^ : G' [/(^^'^) is a strongly continuous unitary representation, 
which is called induced and denoted by Inds^c'i^)- 

5.5.1. Note. Let G be a topological Hausdorff group with a non-negative 
quasi-invariant measure // relative to a dense subgroup G'. Suppose that 
there are two closed subgroups K and N in G such that K' :— K f] G' and 
N' = N (1 G' are dense subgroups in K and N respectively. We say that K 
and act regularly in G, if there exists a sequence {Zi : i = 0, 1, ...} of Borel 
subsets Zi satisfying two conditions: 

(i) n{Zo) = 0, Zi{k, n) = Zi for each pair {k,n) E K x N and each i; 

(a) if an orbit relative to the action oi K xN is not a subset of Zq, then 
= flzoo^j) where g{k,n) := k~^gn. Let T^''^ be a representation of G' 
induced by a unitary representation V of K' and a quasi-invariant measure 
H (for example, as in §3). We denote by T)^f a restriction of T^'^ on N' and 
by D a space K\G/N oi double coset classes KgN. 

5.5.2. Theorem. There are a unitary operator A on and a measure 
V on a space D such that 

(1) A-'T^^^A = I Tr.{i)dv{i) 
Jd 

for each n e N' . (2). Each representation N' 3 n ^ direct 
integral decomposition (1) is defined relative to the equivalence of a double 

coset class ^. For a subgroup N' fl g~^K'g its representations 7 ^79-1 
are equivalent for each g E G' and representations Tni{^) can be taken up to 
their equivalence as induced by •j ^g-yg-^- 
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Proof. A quotient mapping tix : G ^ G/K =: X induces a measure fi 
on X such that fi{E) = ^{ti^^^E)) =: {nxlJ^){E) for each Borel subset E in X. 
In view of Radon-Nikodym theorem II. 7.8 [17] for each ^ G D there exists a 
measure /i^ on X such that 

(3) dfi{x) = di'{^)dfi^{x), 

where x e X, z/(i?) := {s*ii){E) for each Borel subset in D, s : G — > D is 
a quotient mapping. In view of §26 [45] and Formula (3) the Hilbert space 
:— -L^(X, /t, Hv) has a decomposition into a direct integral 

(4) = / Hiodi^ia 

Jd 

where Hy denotes a complex Hilbert space of the representation V : K' ^ 
U{Hv). Therefore, 

Prom Formulas (4) and 5.4.(1,2) we get the first statement of this theorem 
for a subspace vI/^'A* of . 

If / G -/^^(X, fi, Hy), then Tr^f := / o ttx G L'^{G, fi, Hv). This induces an 
embedding tt^ of into ^f^'^^. Let F be a filterbase of neighbourhoods A of 
K in G such that A — 7r^^{S), where S is open in X, hence < n{A) < n{G) 
due to quasi- invaraince of // on G relative to G'. Let ^p E ^ E D, then 
ijj — Kg^, where G G, hence ip — il!{N fl g^^Kg^). In view of Formula (3) 
for each x E N' and r] — Kx we get 

(5) P'J^M - \i^[j/'\x,zg^)dix{z)/ix{A)l 

since by the supposition p^{h,y) is continuous on G' x G (see also §1.6 [16] 
and §§3.3, 5.1.1). Therefore, 

{a,T,{mHV = lim[|^(7r*a,pf (a;,^^^)(7r*6)^^^)^.,.d/x(^)//.(>l)] 

for each x E N' and a, 6 G , where f^J'{C) '■= /{z^^hQ for a function 
/ on G and h,zX G G. In view of the cocycle condition p^(yx, z) — 
Pn{.x,y-^z)p^,{y,z) for each y G G' and 2; G G we get Ty^{C} = Ty{^)T^{^) 
for each x,y E N' and Tx{^) are unitary representations of A^'. Then 

(a, Ty^mHV = lim[ J^a, V^^^^-^ [pf (x, zg^){7r*b)l^^])^v,,d^i{z)/^i{A)] 
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for each y E N' H ^K'g^^. Hence the representation Tx{C) in the Hilbert 
space H[S,) is induced by a representation [N' fl g^^K'g^) 3 y '^g^yg^^' 

5.6.1. Note. Let V and W be two unitary representations of K' and A^' 
(see §5.5.1). In addition let K and N be regularly related in G and V®W 
denotes an external tensor product of representations for a direct product 
group K X N. In view of §5.4 a representation T^'^(8>T^'^ of an external 
product group G := G x G is equvalent with an induced representation 
rpvm,nm^ where is a product measure on G. A restriction of T^®^-'^®^ 
on G :— {{g,g) '■ g G G} is equivalent with an internal tensor product 

5.6.2. Theorem. There exists a unitary operator A on ^^'^^'Z'®'^ such 
that 

(1) A-^T^''^ ® T''''M = / T{i)dv{i), 

Jd 

where u is an admissible measure on a space D := N\G/K of double cosets. 

(2). Each representation G' 3 g ^ Tg{C,) in Formula (1) is defined up 
to the equivalence of ^ in D. Moreover, T{^) is unitarily equivalent with 
rpv®w,^l®^l^ yjfiQj-Q y ^^gj ]^ qj-^ restrictions of the corresponding representa- 
tions y ^ Vgyg-^ o-^d y I— > on g'^K'g fl ^~'^N'^, g,^ & G' , g^~'^ e ^. 

Proof. In view of §18.2 [6] P \ G/G and K \ G/N are isomorphic Borel 
spaces, where P = K x N. In view of Theorem 5.5.2 there exists a unitary 
operator A on a subspace ^^<^^''^®/^ of the Hilbert space L^(G, jji® jji, Hy ® 
Hw) such that 

where each Tq{^) is induced by a representation {y, y) i-^ {g,'y){y,y){g,'y)-'^ 
of a subgroup G' fl {g, 'j)~^{K x N){g, 7), the latter group is isomorphic with 
5' := g~^K'g n ■y'^N'j, that gives a representation V^(8)VF of a subgroup 
5" X 5" in G. Therefore, we get a representation j"^®^./^®/* equivalent with 

Ind(^SxS)w(^'^^)\G'- 

5.7. Note. Formulas (3 — 5) from §5.5.2 also show how a measure u on 

a groupoid Y^{M, sq; N,yQ) induces a measure ^ on (S^N)^ and produces 

an expression for a quasi-invariance factor on a loop monoid and then on a 

loop group. 
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6 Appendix. 



Let us remind the principles of the Wiener processes on manifolds. 

Let G he a complete separable relative to its metric p C°°-manifold on a 
Banach space Y over R such that it contains a dense C°°-submanifold G on 
a Hilbert space Y over R, where G is also separable and complete relative to 
its metric p. Let tq ■ TG — > G be a tangent bundle on G. Let 9 : Zq ^ Ghe 
a trivial bundle on G with the fibre Z such that Zq — Z xG, then Li2i9, tg) 
be an operator bundle with a fibre Li 2{Z, Y), where Z, Zi, Zn are Hilbert 
spaces, Ln^2{Zi, Zn] Z) is a subspace of a space of all Hilbert-Schmidt n 
times multilinear operators from ZiX ...x into Z. Then L„ 2(-Z^i; Z^, Z) 
has the structure of the Hilbert space with the scalar product denoted by 

oo 

jl, — Jn=l 

for each pair of its elements 0, ■0- It does not depend on a choise of the or- 
thonormal bases {e{k)j : j} in Zk. Let H := tgQ)Li^2{9, tq) be a Whitney sum 
of bundles r and Li^2{0, tg)- If {Uj-, 4>j) and {Ui, (j)i) are two charts of G with 
an open non-void intersection Uj (lUi, then to a connecting mapping /</,,,</,j = 
4>iO(l)J^ there corresponds a connecting mapping /</,;, x f'^j),^^^. for the bundle 
H and its charts Uj x (F ©Li^2(-^, Y)) for j = 1 or j = 2, where /' denotes the 
strong derivative of /, /'^,,^^ : (a'^^ A-^O ^ /V.,^. o A^O, «^ e F 

and G Li,2(^,r) for the chart /V,<^, ° := / V.^, / V'^, • 

Such bundles are called quadratic. Then there exists a new bundle J on G 
with the same fibre as for H, but with new connecting mappings: </(/</,, </, ) : 
(a^^A^O ^ +^r(/%,^^(A<^^A<^0)/2,/V„^, o A^.), where tT{A) 

denotes a trace of an operator A. Then using sheafs one gets the ltd functor 
I : I{G) ^ G from the category of manifolds to the category of quadratic 
bundles. 

On a Hilbert space W a distribution 7(,,b is called Gaussian, if its Fourier 
transform is the following: 

F\lb,B){v) = exp{-{Bv,v)/2 + i{h,v)}, 

where B is the corresponding symmetric bounded nonnegative nondegenerate 
nuclear operator onW,b&W,v&W. 
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On Y let B he a nuclear selfadjoint linear nonnegative operator with 
ker{B) = {0}, then for each t > it defines a Gaussian measure HtB with 
zero mean and correlation operator tB. It is defined with the help of the 
Hilbert- Schmidt structure in Y (that is, the rigged Hilbert space): Y = Y'^, 
Y'^ Yq and Yq Y'_ are Hilbert-Schmidt embeddings i?^/^, Y' := Y'^, 
where (,x,y)_|_ = {B~^x, B~^y) is the scalar product in Y_^ induced from the 
dense subspace B^^Y^, {x, y)o = {B^^^'^x, B^^^'^y) is the scalar product in Yq 
induced from the dense subspace E^^/^Y"^, where (x, y) is the scalar product 
in y = for each x,y &Y. By the definition a Wiener process w{t,u}) for 

< to < t < oo with values in F is a stochastic process for which 

(1) the differences w{t4^,u) —w{t^,ui) and w{t2iUj) —w{t\,uj) are indepen- 
dent for each to < < ^2 < ^3 < ^4; 

(2) the random variable w{t-\-T, uj)—w{t, uj) has a distribution //^b, where 
witQ.uj) := 0, F, P) is a probability space of a set Q with a cr-algebra F 
of its subset and a probability measure P. 

Then consider the class K(y) of stochastic processes B(t,uj) with values 
in Li,2(H,r) and satisfying p^{B) = J^lMa2{B{t,uj), B{t,uj))dt < 00, the 
space of all such operators is denoted by L2(fi, F), where M denotes the 
operation of the mean value, the embedding of H into y is a Hilbert-Schmidt 
operator, cj G fi, (17, F, P): 

(3) for each t > to the quantity B{t,uj) is Ff-nieasurablc, where Ft is a 
fiow of cr-algebras, that is, a monotone set of cr-algebras {Ft C F^ for each 
s > t > to) such that for each s < t the random variable w{s,lj) is F^- 
measurable, w(r, a;) — w{s,u) is independent from F^ for each t > s >t. 

Let Ko(Y') be the subset of K(y) consisting of step functions B{t,uj) = 
Bj{uj) for each tj < t < tj+i, where to < ti < ... < t„ = r is a partition of 
the segment [to,T] in R. In Ko(Y') the ltd stochastic integral is defined by 
\{B) = Jl^ B{t,u)dt = Y^jZo Bj{Lj)[w{tj+i,Lj)—w{tj,u)]. It has the extension 

1 : K(y) — > L2{0,,Y). Let a{t,uj) be an F^-measurable function with values 
in Y such that /^^ M ||a(t, a;) < 00 and let ^o{'^) be an F^p-measurable 
random variable. A stochastic process of the type 



^(t, a;) = ^0(0;) -|- / a(s,a;)(is+ / B{s,u!)dw{s,u!) 





is said to have a stochastic differential and it is written as follows: 



= a{t, uj)dt + B{t, u!)dw{t, lu). 
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If f{t,x) is continuously differentaible by t and continuously twice strongly 
differentiable by x function from [to,T] x Y into Y and they are bounded, 
then 

fit, at, 00)) = f{to, 6M) + [\fsis, 00)) + f'As, as))a{s, u)+ 

Jto 

tr{B*{s, u)r\^,{s, u))B{s, u))/2}ds + f f ,{s, ^s, oo))B{s, u)dw{s, u) 

Jto 

in accordance with the Ito's formula. 

Let the manifold G be supplied with the connection. A curve c : [—2, 2] 
G is called a geodesic if Vc{t)/dt = 0. In view of Corollary 1.6.8 [26] there 
exists an open neighbourhood TG of the submanifold G of TG such that for 
every X e TG the geodesic cx{t) is defined for \t\ < 2, where TG denotes 
the tangent bundle. The exponential mapping exp'^ : TG — > G is defined by 
the formula X i— > cx(l)- The restriction exp'^lfQ^^j^^Q will also be denoted by 

expp. Then there is defined the mapping I{exp'-') : I{TG) I{G) such that 
for each chart ([/, 0) the mapping I{exp'^) : Y © Li^2{Z, Y) ^ Y ® Li^2{Z, Y) 
is given by the following formula: 

I{exp^){a'>', A^) = {a^ - triV^iA^, A'*'))/2, A'''), 

where T denotes the Christoffel symbol. 

Therefore, if Ra;,o(a, A) is a germ of diffusion processes at a point y = of 
the tangent space T^G, then expjix,o{0'. At) :— Rx{I{&xpx){a, A)) is a germ of 
stochastic processes at a point x of the manifold G. The germs exj9^Ra;,o(a, A) 
are called stochastic differentials and the Ito bundle is called the bundle of 
stochastic differentials such that Rxfi{a, A) =: a^dt + A^dw. A section U of 
the vector bundle 11 = ry ® Li^2{0,ty) is called the Ito field on the man- 
ifold G and it defines a field of stochastic differentials Rx{I{expx){a, A)) — 
exp^{arj.dt + Arj.dw). A random process ^ has a stochastic differential de- 
fined by the Ito field U : d^s-oo) = exp^^^^ ^■^R{a^(^s,uj), A^(^s,uj)) if the following 
conditions are satisfied: for t/^(5)-almost every x &Y there exists a neighbour- 
hood T4 of a point x and a diffusion process r]x{t,uj) belonging to the germ 
Rx{I{expx)){a,A) such that Ps,a;{^(i, a;) = 'r]x{t,u;) : e Vx,t > s} ^ 1 

f^(s)-almost everywhere, where Ps,x{S) := P{S : C(s,a;) = x}, S is a P- 
measurable subset of fl, 1/^(5) (F) :— P{u! : ^{^,00) e F} (see Chapter 4 in 
[7]). 
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If U(t) = (cf,(t), A{t)) is a time dependent ltd field, then a random process 
^{t, uj) having for each t G [0, T] a stochastic differential = exp^{t^^^) {ci^{t,w)dt+ 
A^it,u)dw) is called a stochastic differential equation on the manifold G, the 
process ^(t, cu) is called its solution (see Chapter VII in [10]). As usually a 
flow of (T-algebras consistent with the Wiener process w{t,uj) is a monotone 
set of (j-algebras such that ui{s, uj) is Ff-mcasurable for each < s < t and 
w{t,u!) — w{s,uj) is independent from F< for each t > s > t, where F^ D F^ 
for each < t < s. If G is the manifold with the uniform atlas (see §2.1), 
the Ito field (a. A) and Christoffel symbols are bounded, then there exists 
the unique up to stochastic equivalence random evolution family S{t, r) con- 
sistent with the flow of cr-algebras Ft generated by the solution C,{t,uj) of the 
stochastic differential equation = exp^(t^i^){a^(t^i^)dt + A^(^t,oj)d'w) on G, that 
is, ^(r, a;) = x, ^(t,a;) = S{t,T,u!)x for each to < t < t < oo (see Theorem 
4.2.1 [7]). 
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